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Chapter 1

Rings

Definition 1.1 A ring (R, +, ) is an abelian group (R, +) (with identity element 0) together with
a function m : R x R — R (we usually write r1 - 79 for m(r1,73)) such that

1. Vri,re,m3 € R, r1(rars) = (rire)rs (Multiplication is associative.)
2. Vry,re,m3 € R, r1(ra +13) = r17re + 1173 and (re + r3)ry = rory + rary.
3. Jan element 1 € R such that Vr € R, r-1=1-r =r. (Trivially, 1 is unique.)
Note
1. Multiplication is not required to be commutative, nor do multiplicative inverses necessarily
exist.
2. The above definition (including (3)) defines a “ring with a 1.” Some authors omit (3) from
the definition of a ring. Usually for us, all rings contain 1.
Examples
1. The trivial ring {0}.
2. The integers Z with standard addition and multiplication.
3. Real n x n matrices under matrix addition and multiplication (noncommutative if n > 2).
4. R, Q, C are all rings. They are commutative, and all nonzero elements have multiplicative
inverses, i.e. they are fields.
5. Z/nZ, the integers modulo n (n > 1) under addition and multiplication modulo n. This is a
commutative ring. The existence of inverses depends on whether or not n is prime.
6. Z[x], polynomial ring in one variable over Z.
7. Let G be an abelian group and r = {all homomorphisms G — G}. Define (¢ + 0)(g) =

®(g9) +6(g9) V0,0 € R, g€ G. (60)(9) = 0(4(g)). “1” is the identity morphism.

Exercise Check that R is a ring, which in general is noncommutative.



8. Let A be any set, and let R be the collection of all subsets of A. Define E+F = (EUF)—(ENF)
VE,FERand E-F=ENF.

Exercise Show that R is a commutative ring.

Definition 1.2 Let R and S be rings. A ring homomorphism f: R — S is a map such that
L flz+y) = f(z)+ f(y) YVz,y € R.
2. flay) = F@)F ().
3. f(1)=1.

Definition 1.3 A subset S of a ring R is a subring of R if S is closed under addition and multi-
plication and contains 1 € R.

Definition 1.4

1. A left ideal I of a ring R is a subset of R which is an additive subgroup and which is such
that RI C I (i.e. r € R,x € I implies that rz € I). Right ideals are defined similarly. An
ideal is a two—sided ideal.

2. Suppose that I is a two-sided ideal of R. The quotient group R/I inherits a (uniquely defined)
multiplication from R which makes it into a ring. This ring is called the quotient ring or
residue class ring R/I. Elements of R/I are the cosets of I in R. The map

¢p:R— R/I
re—r+1

is a surjective ring homomorphism.

Fact There is a one-to-one, order—preserving correspondence between the ideals J of R which
contain I and the ideals J of R/I given by J = ¢~ 1(J) (Exercise).

3. If f: R — S is any ring homomorphism, the kernel of f (= f~1(0)) is an ideal of R, and the
image f(R) of f is a subring of S. f induces a ring isomorphism

R/ ker(f) ~ f(R).

4. The notation =y (mod I) means z —y € I.

Definition 1.5

1. A zero divisor of a ring R is an element = for which 3y € R such that y # 0 and xy = 0 or
yxr = 0.

2. A commutative ring with no nonzero zero divisors is called an integral domain, e.g. Z or
klxy,xa, - ,xp,] (k a field).



3. An element r € R is nilpotent if ™ = 0 for some n > 0. A nilpotent element is a zero divisor,
but the converse is not true in general.

4. A unit in R is an element € R that has both a left and a right multiplicative inverse, i.e.
Jx € R such that ro = xr = 1. The units form a multiplicative group.

5. The multiples rx of an element x € R form a principal (left) ideal denoted by Rz. x is a
unit iff Rz = R = R-1. If R is commutative, then we write (z) for Rx = xR.

6. A field is a nonzero commutative ring R in which every nonzero element is a unit. So every
field is an integral domain, but the converse is not necessarily true, e.g. Z.

Proposition 1.6 Suppose that R is a nonzero commutative ring. Then the following statements
are equivalent:

1. Ris a field.
2. The only ideals in R are (0) and (1).

3. Every homomorphism of R into a nonzero ring S is injective.

Proof First we show that (1) implies (2). Suppose that I # (0) is an ideal in R. Then I contains
a nonzero element z. x is a unit, so I D (z) = (1). So I = (1). Now we show that (2) implies (3).
Let ¢ : R — S be a ring homomorphism. Then ker ¢ = (0), i.e. ¢ is injective. Finally we show that
(3) implies (1). Suppose z € R is not a unit. Then (x) # (1), and so S = R/(z) is not the zero
ring. Let ¢ : R — R/(z) be the natural map. Then ker ¢ = (z). By hypothesis, ¢ is injective, so
(z) = (0), and hence x = 0.

Definition 1.7

1. An ideal I in a ring R is a prime ideal if rs € I implies either 7 or s is in I (e.g. in Z, the
ideal (n) is prime iff n is prime).

2. An ideal [ in a ring R is maximal if

(a) I#R
(b) If J is any ideal with I C J C R, then J =1 or J = R.

Theorem 1.8 R/I has no nonzero zero divisors iff I is prime.

Proof Suppose that R/I has no nonzero zero divisors. If rs € I, then (in R/I) (r+1)(s+1) =0. So
r+I =0or s+ =0, whencer € I or s € I. Conversely, suppose that I is prime. If (r+1I)(s+1) =0
(in R/I), then rs € I. Hence r € I or s € I, and so either r+ I =0or s+ 1 =0.

Corollary 1.9 If R is commutative, then R/I is an integral domain iff I is a prime ideal.



Theorem 1.10 R/ is simple (i.e. has no proper ideals) iff I is maximal (or I = R).

Proof Suppose that I # R since the case I = R is trivial. Suppose that R/I is simple, and
I C J C R. Consider the quotient homomorphism 6 : R — R/I. Applying 6 to the chain I C J C R
gives {0} C 0(J) C R/I. Now 6(J) is an ideal of R/I, so either §(J) = {0} or 8(J) = R/I since R/I
is simple. So either J = I or J = R, whence I is maximal. Conversely, suppose that I is maximal.
If J is a proper ideal of R/I, then §=1(J) is an ideal of R, and I C #~(J) C R. These are proper
inclusions, so I is not maximal, which is a contradiction.

Corollary 1.11 If R/I is a division ring, then I is maximal.

Corollary 1.12 If R is a commutative ring, then [ is a maximal ideal, which implies that I is prime.

Proof I is maximal implies that R/ is a field, which implies that R/I is an integral domain, which
implies that I is prime.

Remarks

1. In the ring R of n x n matrices (n > 2) over the real numbers, the ideal {0} is maximal but not
prime (since R is simple (Exercise)). So the commutability hypothesis is essential in Corollary
1.12.

2. Let R = Z|x], I = {polynomials with constant coefficient 0}. Then I is an ideal, and I is prime
since e.g. Z[z]/I ~ Z (prove this!), and Z is an integral domain. However, I is not maximal
since it is properly contained in the ideal J = {polynomials with even constant coefficient}.

Definition 1.13 Given a set A, a partial ordering on A is a relation < such that
1. f x <yand y < z, then x < 2.

2. Ve e A, z < z.

Definition 1.14 If B is a subset of A, then z € A is an upper bound for B if Vy € B, y < .
(Note that  does not have to be in B.)

Definition 1.15 A subset B of A is a chain if < is a total ordering on B, i.e. Vz,y € B,z <y
ory <z, and z < y and y < x implies that z = y.

Statement 1.16 (Zorn’s Lemma) Let A be a partially ordered set such that each chain has an
upper bound. Then A has a maximal element, i.e. an element = such that Vy € A, either y < x
or x and y are not related.



Theorem 1.17 Let I be a proper ideal in a ring R. Then 3 a maximal ideal J such that I C J.

Proof We use Zorn’s Lemma with A =set of all proper ideals containing I under set inclusion (this
is a partial ordering). Let B be a chain in A, and let J be the union of all ideals in B. Verify that
J is a proper ideal of R which contains I. Hence J is in A and is an upper bound for B. So A has
a maximal element, i.e. a maximal ideal containing I.

Remark Hence if R is any nontrivial commutative ring, then it has a homomorphic image which is
a field (namely R/I, where I is a maximal ideal).

Example and Exercise Let R be the ring of subsets of a set A (see example (8) after Definition
1.1). Then the idea consisting of all subsets not containing a particular € A is a maximal ideal.
Amuse yourself by thinking about the ideal consisting of all finite subsets of an infinite set.

For the rest of this chapter, all rings are commutative.

Definition 1.18

1. A ring R with exactly one maximal ideal is called a local ring. The field £k = R/I is called
the residue field of R.

2. A ring with only a finite number of maximal ideals is called semilocal.

Proposition 1.19

1. Let R be a ring, and let m # (1) be an ideal of R such that z € R —m is a unit in R. Then R
is a local ring, and m is its maximal ideal.

2. Let R be a ring, and let m be a maximal ideal of R such that every element in 14 m is a unit
in R. Then R is a local ring.

Proof

1. Every ideal I # (1) in R consists of nonunits. Hence I C m, and so m is the only maximal
ideal of R.

2. Suppose £ € R —m. Then m is maximal implies that the ideal generated by z and m is (1).
Thus dy € R,t € m such that xy +¢t=1. Thusay =1—t € 1 + m. So xy is a unit. Now the
result follows from (1).



1.1 Nilradical and Jacobson Radical

Proposition 1.20 The set 91 of all nilpotent elements in a ring R is an ideal, and R/ has no
nonzero nilpotent elements.

Proof If x € M, then plainly ax € 9N Va € R. Now suppose that zy € 9N with 2™ = y™ = 0.
Then the binomial theorem implies that (z +y)*™ 2" = 0, whence z +y € M. Hence N is an ideal.
Suppose T € R/ is represented by x € R and that Z is nilpotent with z" = 0 in R/M. Then z" = 0
implies that 2" € M, which implies that (z™)* = 0 for some k, which implies that = € O, which
implies that £ = 0.

Definition 1.21 The ideal 91 is called the nilradical of R.
Proposition 1.22 The nilradical of R is the intersection of all prime ideals in R.

Proof Let 9V be the intersection of all the prime ideals in R. If f € R is nilpotent, and if p is a
prime ideal, then f™ = 0 € p for some n > 0. So f € p (since p is prime), and therefore f € M.
Suppose conversely that f is not nilpotent. Let X be the set of ideals I satisfying the following
property: n > 0 implies that f™ & I. Then ¥ # 0, since (0) € 3. Apply Zorn’s Lemma to the set
3 ordered by inclusion, and conclude that ¥ has a maximal element, p, say. We claim that p is a
prime ideal. Suppose that z,y € p. Then p C p+ (), and p C p + (y) with strict inclusions, and so
p+ (z)and p + (y) do not belong to ¥. Hence f™ € p + (z), f™ € p+ (y) for some m,n > 0. Thus
fmt e p+ (ay). Therefore p + (zy) € X, and so xy & p. Hence now we have a prime ideal p such
that f & p, and thus f & 9.

Definition 1.23 The Jacobson radical #Z of R is defined to be the intersection of all maximal
ideals of R.

Proposition 1.24 x € Z iff 1 — xy is a unit in R for y € R.

Proof Suppose that 1 — zy is not a unit. Then 1 — 2y € m, where m is some maximal ideal.
But z € Z C m, and so 1 € m, which is a contradiction. Conversely, suppose that z ¢ m for some
maximal ideal m. Then m, x generate (1), so u+xy = 1 for some © € mand y € R. Thus 1 —zy € m,
and so 1 — zy is not a unit.

1.2 Operations on Ideals
Let (a;)ier be any family of ideals in R. The sum ) . a; = {>_, z; : x; € a; : Vi, and almost all

of the x; = 0}. Then ) . a; is an ideal. Also, the intersection (), a; is an ideal. If a;,az,--- ,a, is
a finite set of ideals, then the product ajas---a,, consists of all finite sums > xq1x2 - -z, where



x; € a;. This is an ideal. So if a is an ideal, then a” (n > 0) is defined. By convention, a® = (1).

Examples

1. Suppose R = Z, a; = (m), ay = (n). Then a; + az =ideal generated by the GCD of m,n.
a1 Nag =ideal generated by the LCM of m,n. ajas = (mn).

2. R = k[zy, 29, - ,2p], @ = (z1,Z2, - ,2,). Then a”™ =set of polynomials with no terms of
degree < m. These operations are all commutative and associative. Also a(b + X) = ab + aX
by the Distributive law.

Note (a+b)(anb) =a(anb) 4+ blanb) C ab. Since also ab C a N b, we have ab = aN b provided
that a +b = (1). Two ideals a,b with a + b = (1) are said to be coprime or comaximal.

Definition 1.25 Let Ry, Rs, - - - , R,, berings. Their direct product R =[]}, R; = {(z1, 22, -+ , ) :
x; € R;} is a ring with respect to componentwise addition and multiplication. We have projections
P, : R — R;, Pj(xz) = z;. These are surjective ring homomorphisms.

Proposition 1.26 Now suppose that R is a ring and let aj,as, - ,a, be ideals in R. Define a
homomorphism ¢ : R — [[/_, R/a;, +— (z+ a1,z + ag, -,z +a,).

1. If a; and a; are coprime whenever i # j, then [[, a; = (), a;.
2. ¢ is surjective iff a; and a; are coprime whenever ¢ # j.

3. ¢ is injective iff (), a; = (0).

Proof
1. We prove this by induction n. (See above for n = 2.) Suppose that n > 2 and that the result
is true for ai,as,--- ,a,—1. Let b = H?;ll a; = ﬂ?z_ll a; since a; +a; = (1) (1 <i<n-—1).
We have equations z; +y; = 1 (x; € a1,y; € a,). Therefore H:-!ll T; = H?;ll(l —y) =1

(mod a,,). Hence a,, + b = (1). Thus [[;—, a; = ba, =bNa, = (), a;, as required.

2. We must show that a; and as are coprime. Jx € R such that ¢(z) = (1,0,0,---,0) since ¢
is surjective. Hence £ = 1 (mod a;) and x = 0 (mod az). Thus 1 = (1 —z) +x € a3 + as.
For the converse, we still have to prove that 32 € R such that ¢(x) = (1,0,0,---,0). Since
a+a; = (1) (¢ > 1), we have u; +v; =1 (u; € ag,v; € a;). Take x = [[[ o v; =[] 5(1 — w).
Then z =1 (mod a;) and x =0 (mod a;) (¢ > 1). Hence ¢(z) = (1,0,0,--- ,0), as required.

3. Clear, since ker ¢ = I, a;.

Note In general, a U b is not an ideal.

Proposition 1.27



1. Let py,p2,--- ,pn be prime ideals, and let a be an ideal contained in (J_, p;. Then a C p; for
some 7.

2. Let ay,a9,---,a, be ideals, and let p be a prime ideal containing ﬂ?zl a;. Then p D a; for
some 4. If p =, a;, then p = a; for some i.

Proof

1. We prove this by induction on n. We show that a Z p; (1 <1 < n) implies that a Z ", p;.
This is true for n = 1. Suppose that n > 1 and that the result is true for n — 1. Then for
each 4, 3z; € a such that x; € p; whenever j # i. If, for some i, we have z; € p;, then we
are done. Otherwise x; € p; Vi. Consider y = Z;L:l T1X "+ Ti—1Tip1 - Tp. Then y € a and
y&€pi (1<i<n). SoaZ U, p:

2. Suppose that a; Z p for all i. Then x; € a; such that z; &€ p Vi. So [[z; € [[a; C (s, but
[Tx: & p, since p is prime. Hence (|a; € p, which is a contradiction. So a; C p for some i.
Finally, if p = () a;, then p C a; for all 4, and so p = a; for some 3.

Definition 1.28 If a and b are ideals in a ring R, the ideal quotient (a: b) = {z € R: 2b C a}.
This is an ideal.

Definition 1.29 Ann(b) := (0: b) = {R : zb = 0} is an ideal called the annihilator of b. So the
set of all zero divisors in R is D = J, 4, Ann(z). If b = (z), then write (a: z) for (a: (z)).

Example Suppose that R = Z, a = (m), and b = (n), where m = Hp pt? and n = ]_[p p'». Then
(a:b) = (q), where ¢ =[], p77, where 7, = max(u, — vp,0). So ¢ =m/(m,n), where (m,n) is the
GCD of m and n.

Proposition 1.30

1. aC(a:h).

2. (a:b)b Ca.

3. ((a:6):%) = (a:b%) = ((a:%):b).
4 (M0 :6) = Ny(ai: b).

5. (a:22;bi) = ;(a:by).

Proof Exercise.

Definition 1.31 If a is an ideal of R, the radical of a is r(a) = {x € R: 2™ € a for some n > 0}.
(This is sometimes written y/a.) Observe that if ¢ : R — R/a is the quotient homomorphism, then
r(a) = ¢~ (Ngya). So r(a) is an ideal.



Proposition 1.32

1. r(a) D a.

2. 7(r(a)) = r(a).

3. r(ab) =r(anb) =r(a) Nrb).
4. (@) = (1) iff a = (1).

5. r(a+b) =r(r(a) + r(b)).

6. If p is a prime, then r(p™) = p for all n > 0.

Proof Exercise.
Proposition 1.33 r(a) is the intersection of the prime ideals which contain a.
Proof Apply Proposition 1.22 to R/a.

Remark For any subset E of R, we may define r(E) in the same way. This is not an ideal in
general.

We have r(U, Ea) = U, r(Es) for any family of subsets E, of R.
Proposition 1.34 D =set of zero divisors of R = |J,,7(Ann(z)).
Proof D =r(D) = T(Uméo Ann(z)) = Uzz0 r(Ann(z)).

Example If R = Z and a =
r(a) = (PP Pr) =iy (P).

(m), let P, (1 < 4 < r) be the distinct primes of m. Then

Proposition 1.35 Suppose that a and b are ideals in a ring R such that r(a) and r(b) are coprime.
Then a and b are coprime.

Proof (a +b) = r(r(a+r(b)) =r(1) = (1). Hence a + b = (1) by Proposition 1.32(4).
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1.3 Extension and Contraction of Ideals

Definition 1.36 Suppose that f : R — S is a ring homomorphism, and let a be an ideal in R.
The extension a° of a is the ideal generated by f(a) in S: a® = {> v f(z:) : x; € a,y; € S}. The
contraction b of an ideal b in S is the ideal f~1(b) in R.

Remark

1. If a is an ideal in R, then f(a) need not be an ideal in S, e.g. Z — Q, a =any nonzero ideal
in Z.

2. If b is a prime ideal in S, then b€ is a prime ideal in R.

3. If a is a prime ideal in R, then a® need not be a prime ideal in S (e.g. Z — Q, a # 0, then
a¢ = Q, and this is not a prime ideal).

4. Observe that we can factor f: R — S as follows:
RZ f(R) s,

where p is surjective and j is injective. For p there is a one—to—one correspondence between
ideals of f(R) and ideals of R which contain ker f. Prime ideals correspond to prime ideals.
For j the general situation is very complicated, cf. algebraic number theory.

Example Consider Z — Z[i]. Z[i] is a Principal Ideal Domain since it is a Euclidean domain. A
prime ideal (p) of Z may or may not stay prime when extended to Z[i].

1. (2)¢ = ((1 +14)?), the square of a prime ideal in Z][i].
2. If p=1 (mod 4), then (p) is the product of two distinct prime ideals (e.g. (5)¢ = (2+i)(2—1)).

3. If p=3 (mod 4), then (p)° is prime in Z[i].

(2) is nontrivial cf. Fermat’s Theorem: If p =1 (mod 4), then p can be expressed as a sum of two
squares.

Proposition 1.37 Let f: R— S, and let a C R,b C S.
1. a Ca®, b Db
2. bC — bCeC, a(i — aece.

3. Let C be the set of contracted ideals in R. Let E be the set of extended ideals in S. Then
C={a:a“=aqa},and F = {b: b = b}, and a — a® is a bijective map C — E whose inverse
is b — b°.

Proof
1. Trivial.
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2. Follows from (1).

3. Suppose a € C. Then a = b° = b = a“. Conversely, if a = a®¢, then a is the contraction of
a. A similar argument works for FE.

Exercise If a; and ay are ideals of R and b; and bs are ideals of S, then (a; 4+ a2)¢ = a$ + as,
(a1Naz)® C a§Nas, (ara2)¢ = agas, (a1 : a2)¢ C (a$ : a5), and r(a)® C r(a®). Also, (b1+b2)¢ D b§+bS,
(b1 Nba)® = b5 NS, (b1b2) D (b505), (by : by)® C bS : b5, and r(b)° = r(b°).

The set FE is closed under sum and product. The set C is closed under sum, product, and intersec-
tion.

1.4 Rings of Fractions and Localization

Motivation Recall how one constructs Q from Z (and embeds Z — Q). This extends to any integral
domain R and produces the field of fractions of R. Take all ordered pairs (a,s), a € R, s € R,
s # 0, and set up an equivalence relation

(a,s) ~ (b,t) iff at — bs = 0.

Note This works only if R is an integral domain because the verification of transitivity involves
cancellation.

Definition 1.38 Let R be any commutative ring. A multiplicative subset S of R is a subset such
that 1 € S and S is closed under multiplication.

Define a relation ~ on R x S by
(a,s) ~ (b,t) iff (at —bs)u =0

for some u € S. We claim that ~ is an equivalence relation. ~ is clearly reflexive and symmetric.
To prove transitivity, suppose that (a,s) ~ (b,t) and (b,t) ~ (c,u). Then Jv,w € S such that
(at — bs)v = 0 and (bu — ct)w = 0. Eliminating b gives (au — cs)tvw = 0. Since S is multiplicative,
tow € S, so (a,s) ~ (c,u).

Notation a/s is the equivalence class of (a,s). S™'R is the set of equivalence classes. Put a ring
structure on S~!R: ¢+ % = “t:tbs7 %% = ‘;—f. Show that these are well-defined and give a ring
structure. Also, we have a ring homomorphism f : R — S™'R, f(z) = x/1. f is not, in general,

injective.
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Remark
1. If R is an integral domain and S = R — {0}, then S™!R is the field of fractions of R.

2. The ring S™!'R is called the ring of fractions of R with respect to S.

Proposition 1.39 (Universal Property of the Ring of Fractions) Let g : R — R; be a ring homo-
morphism such that g(s) is a unit in R; Vs € S. Then 3! ring homomorphism h : S~'R — R such
that g =ho f.

Proof First we prove uniqueness. Suppose that h satisfies the condition. Then h(a/1) = ho
f(a) = g(a) Va € R. Hence if s € S, h(1/s) = h((s/1)7!) = h(s/1)"t = g(s)~!. So h(a/s) =
h(a/1)h(1/s) = g(a)g(s)~!, and thus h is uniquely determined by g. To prove existence, let
h(a/s) = g(a)g(s)~™!. Then h is a ring homomorphism provided that it is well-defined. So sup-
pose that a/s = a’/s’. Then 3f € S such that (as’ —a’s)t = 0. Thus (g(a)g(s’) —g(a')g(s))g(t) = 0.
Now g(t) is a unit in Ry by hypothesis, and so g(a)g(s’) = g(a’)g(s), as required.

The ring S™'R and the homomorphism f : R — SR satisfy the following properties:
1. s € S implies that f(s) is a unit in S™!R.
2. f(a) = 0 implies that as = 0 for some s € S.

3. Every element of S™!R is of the form f(a)f(s)~! for some a € R, s € S.

Conversely, these three conditions determine the ring S™!'R up to isomorphism.

Corollary 1.40 If g : R — R; is a ring homomorphism such that
1. s € S implies that g(s) is a unit in Ry,
2. g(a) = 0 implies that as = 0 for some s € S, and
3. Every element of R; is of the form g(a)g(s)~! for some a € R, s € S,

then 3! isomorphism h = S™'R — R; such that g = ho f.

Proof By Proposition 1.39, we have to show that h : ST'R — R, defined by h(a/s) = g(a)g(s)~! is
an isomorphism. (By part (1), this is well-defined.) Part (3) implies that h is surjective. To prove
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injectivity, suppose that h(a/s) = 0. Then g(a) = 0. So part (1) implies that at = 0 for some ¢t € S.
Thus (a, s) ~ (0,1), i.e. a/s =0in S7'R.

Remark The pair (S7!R, f) is an example of a universal object.

Examples

1.

- W

Let p be a prime ideal of R. Then S = R—p is a multiplicative subset of R. Write R, := S™'R.
The elements a/s with a € p form an ideal m in R,. If b/t € m, then b & p, so b € S, and
therefore b/t is a unit in R,. Thus if a is an ideal in R, and a # m, then a contains a unit, so
a = Ry,. Thus m is the only maximal ideal in Ry, i.e. IR, is a local ring. Passing from R to R,
is called a localization at p.

S7LR is the zero ring iff 0 € S.
Let f € Rand S = {f"},>0. Write Ry := S™!'R in this case.
Let a be any ideal in R, and let S = 1+ a. Then S is multiplicatively closed.
Special cases of (1) and (3):
(a) R=1Z,p = (p), where p is prime. R, = {m/n : n is coprime to p}. If f € Z, with f # 0,
then Ry = {m/n : n is a power of f}.

(b) R = Kk[t1,t2,-- ,tn], k a field, ¢; are indeterminates. Suppose that p is a prime ideal in
R. Then R, = all rational functions f/g with g & p.

(c) Extended and contracted ideals in rings of fractions R = a ring, S = a multiplicative
subset of R, f : R — S™'R, a — a/1, C = set of contracted ideals in R, E = set
of extended ideals in S™'R. If a is an ideal in R, then its extension a® in S™'R is
STIR={a/s:a€a,se S}

Recall (a:b) ={z € R:zb Ca}.

Proposition 1.41

1.

2.

Every ideal in S™!R is an extended ideal.
If a is an ideal in R, then a® = [J,.g(a: S). Hence a® = (1) iff a meets S.
a € C iff no element of S is a zero divisor in R/a.

The prime ideals of S™!R are in one-to—one correspondence (p < S~!p) with the prime ideals
of R that do not meet S.

The operation S~! commutes with the formation of finite sums, products, intersections, and
radicals.

Proof
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1. Let b be an ideal in ST™'R, and let X/S € b. Then x/1 € b, and so x € b¢, whence /1 € b°°.
Since b O b by Proposition 1.37, it follows that b = b°°.

2.z € a® = (S 'a)® iff /1 = a/s for some a € a, s € S iff (xzs — a)t = 0 for some ¢t € S iff
xst € aiff (J,c4(a,9).

3. a € C iff a®® by Proposition 1.37 iff (sx € a for some s € S iff v € a) (from part (2)) iff no
s € S is a zero divisor in R/a.

4. If q is a prime ideal in S™'R, then q¢ is a prime ideal in R. Conversely, if p is a prime ideal
in R, then R/p is an integral domain. If S is the image of S in R/p, then we have that
S~IR/S7'p ~ S~Y(R/p. (The map 6 : ST'R — S~1(R/p) given by 0(s~1r) = 7(s)"17(r)
(where 7 : R — R/p is a reduction mod p) induces the above isomorphism.) Now S~'(R/p) is
either 0 or else is contained in the field of fractions of R/p and is therefore an integral domain.
So S~1p is either prime or is the unit ideal. Part (2) implies that the latter possibility occurs
iff p meets S.

5. Exercise. (For sums and products, use the exercise after Proposition 1.37.)

Remark Recall Proposition 1.22. If f € R is not nilpotent, then 3 a prime ideal of R which does
not contain f. Another way to see this is that since S = {f™},>0 does not contain 0, the ring
S™'R = Ry is not the zero ring. Hence Ry has a maximal ideal m (which is prime). The contraction
m¢ of m is a prime ideal in R which does not meet S by Proposition 1.41(4). Hence f & m©.

Corollary 1.42 If 9 is the nilradical of R, then the nilradical of S™'R is S~1MN.

Corollary 1.43 If p is a prime ideal in R, then the prime ideal of the local ring R, are in one-to—one
correspondence with the prime ideals contained in p.

Proof Take S = R — p in Proposition 1.41(4).

Remark Passing from R to R, eliminates all prime ideals except those contained in p. Passing from
R to R/p eliminates all prime ideals except those containing p.
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Chapter 2

Modules

Definition 2.1 Let R be a commutative ring. Then an abelian group M is called an R—module if
3 a function - : R x M — M (we write rm for -(r,m)) such that

1. Vre Rymy,mgo € M, T(ml —|—m2) =rmy + rma,
2. Vry,ra € R7m € M; (Tl +T2)m =rim-+rom,
3. ri(rgm) = (rir2)m,

4. Vm e M, Im = m.

Note If R is not commutative, then we can define a left R—module as above. Similarly, we can
define a right R—module but with M x R — M. But we cannot convert left R—modules to right
R-modules in the “obvious” way rm — mr since (3) goes wrong: (mry)ry # mrirs in general.

Examples

1. If R is a commutative ring, then R is an R—module using the existing multiplication. Similarly,
R @ R is an R—module if we define r(riry) = (rri,rre). If S is a subring of R, then R is an
S-module. In particular, R[z] is an R—module. If T is an ideal of R, then I is an R-module.

2. If V is a vector space over a field F', then V is an F—module.

3. Let G be an abelian group. Then G is a Z-module if we define -. Suppose z € G. Put
nr=x+x+- -+ (ntimes) if n > 1, 0x = 0, nx = (—n)(—=z) if n < —1. This satisfies
(1)-(4) of Definition 2.1.

4. Let V be a vector space over a field F', and let § : V' — V be a linear map. (The pair
(V,0) is a vector space with endomorphism.) Regard V' as an F[z]-module by setting
(ag+arz+---Fax™v =aw+a10(v)+---+a,0"(v) (ag,a1, - ,a, € Fyv € V). This works.

Proposition 2.2 Let M be an R—module. Then

1. om=0VYVm e M.
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2. (=rym=r(-m)Vre Ry,me M.

Definition 2.3 Let M be an R—module. A subgroup N of the additive group M is a submodule
if Vir € R and n € N we have rn € N, and N is an R—module with respect to this “scalar multipli-
cation.”

Proposition 2.4 A subset N of M is a submodule iff
1N #£0,
2. Vni,ne € N, ny +ng €N,
3. Vre Rne N,rn € N.

Note that by (3), if n € N, then so is —n = (—1)n.

Examples
1. If R is a commutative ring regarded as an R—module, then a submodule is an ideal.
2. If V is a vector space of F' (i.e. an F-module), then a submodule is a subspace.
3. If G is an abelian group viewed as a Z-module, then a submodule is a subgroup.

4. If V is a vector space over F' with endomorphism 6, viewed as an F[z]-module, then a sub-
module is a vector subspace W such that O(W) C W (i.e. W is an “invariant subspace”).

Definition 2.5 Let R be a commutative ring, and let M, N be R-modules. A group homomor-
phism 6 : M — N is called a module homomorphism (or R—homomorphism) if Vr € R,m € M,
O(rm) = rf(m). If 0 is also bijective, then 6 is an isomorphism of modules, and we write M ~ N.

Examples
1. If V,W are F—vector spaces, then an F—homomorphism V — W is the same as a linear map.

2. If G, H are abelian groups, then a Z-homomorphism G — H is just an ordinary homomor-
phism.

Proposition 2.6 If § : M — N is an R-homomorphism, then (M) is a submodule of N, and
ker = {m € M|6(m) = 0} is submodule of M.

Proof Exercise.

Definition 2.7
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1. If M is an R-module and N is a submodule, then the quotient abelian group M/N can be
made into an R—module by defining r(m+ N) = rm+ N. M/N is called a quotient module.
0: M — M/N, mw— m+ N is called the quotient homomorphism.

2. If M, N are two R—modules, then their direct sum M @ N is the direct sum of the abelian
groups made into an R-module by defining r(m,n) = (rm,rn).

Examples

1. For an F—vector space, a quotient F—module is a quotient vector space. The case of direct
sums is similar.

2. For abelian groups (i.e. Z-modules), “quotient” and “direct sum” for modules have the same
meanings as for abelian groups.

3. Suppose that V is an F—vector space and 6 is an endomorphism of V. We may view V as
being an F[z]-module Suppose that W is an F[z] submodule of V' (so W is a subspace of V'
with (W) C W). Then the quotient F[x]-module V/W is the quotient vector space with the
action of F[x] given by the endomorphism 6 : V/W — V/W induced by 6.

Theorem 2.8 If  : M — N is an R—homomorphism, then §(M) ~ M/ ker 6.

Proof Exercise.

Proposition 2.9 Let M be an R—module, and let 6 : S — R be a ring homomorphism. Then M is
an S—module.

Proof Define S x M — M to be the composite S x M — Rx M — R, (s,m) — (6(s), m) — 0(s)m.
Then M is an S—module (since 6 is a homomorphism).

Examples

1. Let R be a ring, and let I be an ideal of R. Then the quotient ring R/I is an R/I-module.
We may convert it into an R—module via the quotient map 6 : R — R/I. This R—module is
the quotient R—module R/I.

2. The direct sum of rings R ® R is an R @ R—-module. We may convert it into an R—module
via the ring homomorphism 6 : R — R & R defined by 6(r) = (r,r). This is the direct sum of
modules R @ R.

3. Let M be any R—module. Define 6 : Z — R by 8(n) = n - 1g. This is a ring homomorphism,
and it converts M into a Z-module, i.e. an abelian group.
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Proposition 2.10 Let M be an R—module, and let I C R be the subset of elements r of R such
that rm = 0 Vm € M. Then I is an ideal (the annihilator ideal of M), and M is an R/I-module.

Proof To show that I is an ideal, note that 0 € I, and also r,ry € I implies that ry — ro € I. Fur-
thermore, if R € I and s € R, then sr € I. To make M into an R/I-module, define (r 4+ I)m = rm.
This works.

Remark Similarly, if J is an ideal of R with J C I, then M is an R/J-module.

Boring Remark If we use Proposition 2.9 to convert M back into an R—module, we get the original
R-module back again.

Example Let V' be an F—vector space with endomorphism 6, and view V as an F[z]-module. The
annihilator ideal I of V' = {f(z) € Flz]|f(#) = 0} is a principal ideal generated by m(x), the
minimum polynomial of 6. Hence V is an F[z]|/(m(z))-module and even an Fx]/(m(x))-vector
space if m(z) is irreducible.

For a finite dimensional vector space over a field F', 3 a basis ey, ea, - , e, such that each element
has a unique expression of the form A\je; +Agea+- -+ Apepn (A1, Ag, -+, A, € F)). This is not always
true for R—modules, e.g. consider Zy as a Z-module. Then {1} is not a basis since 1-1 =31, so
uniqueness is not possible.

Definition 2.11 Let M be an R—module, and let A be a subset of M. The submodule generated
by A is the intersection of all submodules containing A. (This is another submodule whose elements
are of the form 2?21 Xiai, Ai € R, a; € A.) If the submodule generated by A is all of M, we say
that M is generated by A.

Definition 2.12 M is finitely generated if 3 a finite set A such that M is generated by A.

Definition 2.13 If M is generated by A, and each m € M is uniquely expressible in the form
>or ria;, where each r; € R, a; € A, and the a;s are distinct, then M is free, and A is a basis.

Note that A is a basis iff
1. Vm € M, 3 an expression m =y ., r;a; (i.e. A spans M).

2. If 2111 r;a; = 0 and the a;s are distinct, then 1y = ry = --- =1, =0 (i.e. the elements in A
are linearly independent).
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Note If M is f - g and free, then any two bases have the same size. (This is not obvious, and we’ll
prove it later.)

Examples

1. If F' is a field, then every F-module (i.e. F—vector space) is free. However, if R is a principal
ideal domain, not every R-module is free (e.g. Zs as a Z-module).

2. If R is any nontrivial commutative ring, then R is a free R—module since {1} is a basis.
Similarly, R := R® R® --- ® R (n times) is a free R—module since ey, eq, - e, is a basis
(where e; = (0,0,---,0,1,0,---,0) with the 1 in the ith place). Note that if M is a free R—
module with basis A and N is any R—module, then any function f : A — N can be extended
uniquely to an R—homomorphism 6 : M — N by defining

(S5 - St

Proposition 2.14 Suppose we are given R—modules and homomorphisms

MLN

where L is free and ¢ is surjective. Then 3 an R-homomorphism ¢ : L — M such that ¢y = 6.

Proof Let A be a basis of L. For each a; € A, choose m; € M such that ¢(m;) = 0(a;). (We may
do this since ¢ is surjective.) Define f : A — M by f(a;) = m;, and extend f to a homomorphism
¥ : L — M. Then ¢yp(a;) = 0(a;), and so ¢1p = 6, by uniqueness.

Note Proposition 2.14 does not necessarily hold if L is not free, e.g. consider the modules

o) = {1 n odd

0 n even.
Ly
/
v,
Y id
¥

ZLZQ

If ¢ : Zo — Z is a homomorphism and (1) = n, say, then 2n = ¥(2) = 0, so n = 0, and hence
1 = 0. Thus 6y #identity.
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Proposition 2.15 Let M be any R—module. Then 3 a free R—module L and a submodule K of L
such that M ~ L/K. Hence every R—module is a homomorphic image of a free module.

Proof Given any set A, we may construct a free R—module whose basis is A by taking all formal
finite sums Z?Zl r;a; (hence the a; are distinct elements of A, r; € R, and n > 1) with the “obvious”
addition and scalar multiplication. This new set becomes a module which is clearly free, with A as
basis. This module is called the free module generated by A.

Now take L to be the free module generated by A, where A is any subset of M that generates M
(e.g. A= M). Finally, define a homomorphism 6 : L — M by extending the function f: A — M,
where f is inclusion. Since A generates M, 6 is onto. Hence M ~ L/ker § by Theorem 2.8.

Note If M is fg, then we can take L to be fg also (take A to be finite).

Definition 2.16 A sequence of R—modules and R—homomorphisms
- — i—lﬁ’Mi Ti M1 — - (*)
is said to be exact at M; if Im(f;) = ker f;+1. The sequence is exact if f is exact at each M;. So
10— M L M is exact iff f is injective.
2. M % M" — 0 is exact iff g is surjective.

3.0 M LM% M - 0is exact iff f is injective, g is surjective, and g induces an isomor-
phism cokerf := M/f(M') ~ M".

An exact sequence of type (3) is called a short exact sequence. Any long exact sequence (x)
can be split up into short exact sequences, for if N; = m(f1) = ker f;11, then we have short exact
sequences 0 — N; — M; — N;y; — 0.

Proposition 2.17

1. Let
ME5M5M -0 (1)

be a sequence of R—modules and homomorphisms. Then (1) is exact iff for all R-modules N,
the sequence

0 — hom(M", N) 2 hom(M, N) = hom(M’, N) (1)
is exact.

2. Let
u

0—-N 4NN (2)
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be a sequence of R—modules and homomorphisms. Then (2) is exact iff for all R—modules M,
the sequence

0 — hom(M, N') % hom(M, N) > hom(M, N") 2

is exact.

Proof Exercise, but e.g. suppose that (1) is exact VIN. Then @ is injective VN, and so v is surjective.

M —% M" Jo(M)

7
Ve
v -
-
~

M

Next tov =0, ie. fovou=0Vf:M"'" — N. Take N = M" and f =identity. Then vou =0,
i.e. Im(u) C kerv. Next take N = M/Im(u), and let ¢ : M — M /Im(u) be the quotient map. Then
¢ € ker@. So I : M — M /Im(u) such that 1 o v = ¢. Hence Im(u) = ker ¢ D kerw.

Proposition 2.18 (The Snake Lemma) Let

u v

0 M M M" 0
bk
0 N' ——> N —— N" 0

be a commutative diagram of R—modules and homomorphisms with the rows exact. Then 3 an exact
sequence

0 — ker f' % ker f 2 ker f” % coker f’ %, coker f %, coker .

Here @ and v are the restrictions of u and v, and @’ and 9’ are induced by v’ and v’.

Proof Exercise, but here’s how you define the boundary homomorphism d: Suppose that
x € ker f”. Then " = v(x) for some x € M, and v'(f(x)) = f"(v(z)) = 0. So f(z) € kerv' = Im o/,
ie. f(x) = (y) for some y € N'. Then d(z”) := image of y in coker f’. Show that d is well-defined
and that the sequence is exact.
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Diagram

0 0 0
0 ker f/ ker f ker f
0 M ———> M = M" 0
f ¥ "

coker f' —— coker f —— coker f”

Definition 2.19 An R—module P is projective if it satisfies the following property: Given R—
modules and homomorphisms

with § surjective, then 3¢ with 8g = f.

There are a number of other ways of giving this definition.

Theorem 2.20 The following conditions are equivalent:
1. P is projective

2. Every short exact sequence ( M N P 0 splits (so N~ M & P).

~ _ —

3. P is a direct summand of a free R—module, i.e. 3 a free module F' and an R—module M such
that FF'~ M @& P.

4. 10 - M — M — M"” — 0 is any short sequence of R—modules, then the sequence
hom(P, M') — hom(P, M) — hom(P, M") is also a short exact sequence.

Proof Exercise.
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Chapter 3

Finitely Generated and Noetherian
Modules and Rings

Question Suppose that R is a commutative ring. Then R is a finitely generated free R—module.
Does this imply that every ideal of R is finitely generated?

Example Let R be the ring of all subsets of [0, 1] (see chapter 1). Suppose that I is the ideal of R
generated by E1, Es,--- , E,. We claim that I is the ideal of all subsets of £; U Ex U--- JUE,, for

1. This ideal contains F1, Es,--- , E, and thus contains I.

2. Also I contains F1 U Es U ---UE, (since e.g. F1 U Ey = (E1 + E)(E; - Es), etc.), and hence
I contains all subsets of £ UFEyU---U E,.

Hence every finitely generated ideal of R is actually principal. However, the ideal J consisting of
all subsets of [0, 1] is not principal since it does not consist of all subsets of a proper subset of [0, 1].
Hence

1. R is a finitely generated free R—module.

2. J has a submodule R which is not finitely generated.

Definition 3.1 An R-module M is a noetherian R—-module if all submodules of M (including M
itself) are finitely generated. If R is commutative, R is a noetherian ring if it is a noetherian
R-module, i.e. if all ideals of R are finitely generated.

Examples

1. If Fis a field, then F' is a noetherian ring. Also, if V' is an F—module (i.e. an F—vector space),
then V is finitely generated iff V is finite dimensional, in which case every subspace is finite
dimensional (i.e. every submodule is finitely generated). So F—modules are finitely generated
iff they are noetherian.
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2. If R is a principal ideal domain, then R is a noetherian ring (e.g. Z, F[z]). In fact, if R is a
noetherian ring and M is a finitely generated R-module, then M is a noetherian R—module
(see later). (Hence, in particular, taking R = Z, it follows that every subgroup of a finitely
generated abelian group is finitely generated.) Also, if R is a noetherian ring, then R[z] is a
noetherian ring (see later).

Proposition 3.2 If M is a noetherian R—module, then so is every submodule and quotient module
of M.

Proof The submodule part is trivial. For quotients, suppose that N is a submodule of M, and let
L be a submodule of M/N. Let ¢ : M — M/N be the quotient map, and set L = ¢~ '(L). Then
L is a submodule of M (easy exercise) and is thus finitely generated by a1, as,- - ,a,, say. Then
q(a1),q(az), -+ ,q(ay) is a set of generators of L.

Definition 3.3 An R-module M satisfies the ascending chain condition if given any chain
Ny C Ny C -+ of submodules of M, 3r such that Ny = N,. Vs > r.

Theorem 3.4 M is a noetherian R—module iff M satisfies the ascending chain condition.

Proof Let Ny C Ny C -+ be a sequence of submodules of M. Let N = U;’il N;. This is a submod-
ule of M and is thus finitely generated by ai,as,--- ,as, say. Then Ir such that a1,as, -+ ,as € N,
Hence N, = N, and so N,. = N, 11 = ---. Conversely, let N be a submodule of M. Choose a; € N,
and let N7 be the submodule generated by a;. Either N = Nj (in which case we are done) or we can
choose ag € N \ Ny. Let N3 =<ay,a2>. Continue this process if necessary. After, say, r steps, we
have N, = N, or we’ll get an infinite ascending chain of submodules of M, which is a contradiction.

Proposition 3.5 If M is an R—module and N is a noetherian submodule and M /N is noetherian,
then M is noetherian.

Proof Let ¢ : M — M/N be the quotient map. Let L; C Ly C -+ be a chain of submodules of
M. Then LiN N C Ly NN C --- is a chain of submodules of N. ¢(L;) C q(L2) C --- is a chain of
submodules of M/N. So 3r such that

L,NN=L.,NN Vs>r
q(Ls) = q(L,) Vs > r.

Let m € Lg (s > r). Then ¢(m) € ¢(Ls) = q(L,). Thus m = x + y, where z € L,, y € N. Thus

y=m—x €€ L;,NN=L.NN C L,. Hence we have m € L, also, and so L, = L,y; = ---. Thus
M is noetherian.
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Corollary 3.6 If M and N are noetherian R—modules, then so is M & N.

Proof Observe that {12]4}%1}/\[ ~ M and apply Proposition 3.5.

Proposition 3.7 If R is a noetherian ring and M is a finitely generated R—module, then M is a
noetherian module.

Proof Let A C M be a set of generators of M with A = {ay,a2, -+ ,am}, say. Then M is isomor-
phic to a quotient of the free R—module L generated by {a1, a9, - ,am,}. But L ~ R™ and R™ is
noetherian. Hence M is noetherian.

Theorem 3.8 (Hilbert Basis Theorem) If R is a noetherian ring, then R[z] is a noetherian ring.

Proof We first define some notation. An element of R[z] will be written in the form ra™+-- -, where
“...7 consists of lower powers of x. Let I be an ideal of R[z]. Define (forn >0) I, ={r € R: Ja
polynomial rz™ + --- € I'}. Then each I, is an ideal in R. Furthermore, Iy C I; C I C --- since if
ra™ +--- € I, then z(r"® +---) = rz™*tt + ... is also in I. Hence, as R is noetherian, 3N such that
Iy = In41 =--- Since each I, is finitely generated (as R is noetherian), we can find a finite set of
generators ani, @n2,: - ,apm, for In, 0 <n < N.

For each an,, choose a polynomial fp;,(2) = apmaz™ + -+ in I. We claim that {fpm(z) : 0 <n <
N,1 < m < m,} generates I. To prove this, choose g(z) € I with g(x) = ra? 4+ ---. The proof
is by induction on p = deg(g(z)). If p = 0, then r € Iy, and I lies in the ideal J generated by
{frm(2)]0 <n < N,1 <m < myp}. So suppose that p > 0. Now r € I, (and I, = Iy if p > N).
Write r = liap, + laap, + -+ + L, am, (I; € R). Consider h(z) = lifp, +lafp, + -+ lm, fm,-
Then h(z) € J. If p < N, then deg(g(z) — h(z)) < deg(g(x)). Thus g(x) — h(x) € J by induction.
Thus g(z) € J. If p > N, then deg(g(z) — 2P~ NVh(x)) < deg(g(x)). Thus g(z) — 2P Nh(z) € J
by induction. Thus g(x) € J. It follows therefore that J = I, and so I is a finitely generated
R[z]-module.

Corollary 3.9 If R is a noetherian ring, then so is R[x1,z2, -+ ,zy] for any n > 1.

Question Suppose we know that R™ ~ R™ is an R—module. Is m = n?

26



Chapter 4

Tensor Products and Alternating
Products of Modules

Assume from now on the R is a commutative ring.

Suppose that L and M are R—modules, and let hompg (L, M) be the collection of R—homomorphisms
L — M. Then homp(L, M) is itself an R-module in a natural way: (01 + 02)(1) = 61(1) + 62(1),

(ro)(1) = r6(1).

Basic Properties

1. Suppose that L = L1 @LQ, 0 € homR(L,M). Let 01(11) = 9([1 @O), 92(12) = 9(0@ lg)
(Wl; € L, i = 1,2). Then 0; € homp(L,M) (i = 1,2), and the map § — (01,62) is an
R-module isomorphism, i.e. hompg(L; & Lo, M) ~ hompg(Ly, M) & homp(Ls, M).

2. f M = My & M, and 6 € hompg(L, M), we can write 0(1) = 0(1); @ 0(1)2. Let 61(1) := 0(I)1,
92(1) = 9([)2 Then 6; € homR(L,Mi) (Z = 1,2), and 6; € hOmR<L,M1) (&5) hOHlR(L7M2).

3. Suppose that § € homg(R,M). Let Ty = 6(1). Then T, = r0(1) = rTy. Ty 19, =
(01 + 62)(1) = 61(1) 4+ 62(1) = Ty, + Ty,. Hence the map 6 — Tp is an R-homomorphism
homp(R,M) — M. If m € M, let h(m)(r) = rm. Check that the map m — h(m) is an
R-homomorphism M — hompg(R, M). Also, the maps 6 — Ty and m — h(m) are inverse to
one another. Thus M ~ hompg(R, M).

4. Tt follows from (1)-(3) that homg(R™, R™) ~ R™" (m x n—matrices with entries in R).

Definition 4.1 Suppose that L, M, and N are R—modules. A map 6 : L x M — N is said to be an
R-bilinear mapping if

1. 9([1 + 127’[77/) = H(Zl,m) + 9(lg,m)
2. Q(Z,ml + mg) = O(Z,ml) + 9<l,m2)
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3. 0(rl,m) =r0(l,m) =0(l,rm).

So O(rl,sm) = r0(l,sm) = sr0(l,m). 0O(rl,sm) = sO(rl,m) = rsf(l,m). One may define R-
multilinear mappings in a similar way.

Let Br(L, M; N) be the collection of all R-bilinear mappings L x M — N.

Basic Properties
1. Br(L,M;N) is an R-module in a natural way.

2. If @ € BR(L,M;N), set 8'(m,l) =0(l,m) ¥Vl € L,m € M. Then ¢ € Bgr(M,L; N) and 6 — ¢’
is an isomorphism. Hence Br(L, M; N) ~ Br(M, L; N).

3. Br(L1 ® Lo, M;N) ~ Br(L1, M;N) + Bg(L2, M;N).

4. If 0 € Br(L,M;N) and | € L, then let (T;(0))(m) = 6(l,m) Vm € M. Then T;(0) €
homg(M,n). The map T? given by | +— T;(#), is in hompg(L,homg(M,N)). The map
given by 0 — T is an R-homomorphism Bg(L, M;N) — hompg(L,homg (M, N)). Suppose
that J € homp(L,homp(M,N)). Let S(J)(I,m) = J()(m) VI € Lym € M. Then S(J) €
Br(L,M;N). The map S : hompg(L,homgr (M, N)) — Br(L,M;N) is an R-homomorphism.
T and S are inverse to each other. Thus Br(L, M; N) ~
hompg(R, hom(M, N)) ~ homg(M, N).

Examples

1. Suppose that G is any abelian group (i.e. Z-module) and that m and n are coprime integers.
Let 0 € By(ZpZy; G) (s0 0 : Zyy X Zpy — G). Ir,s € Z such that rm + sn = 1. If (h, k) €
Loy X L, then O(h, k) = rmO(h, k) +snl(h, k) = rO(mh, k)+s0(h,nk) = r6(0, k) +s0(h,0) = 0.
Hence Bz(Zm, Zn; G) = {0}.

2. Suppose that G is a finite abelian group of order n. Let H be any abelian group. Suppose
that 0 € Bz(G,H;Z). If (g,h) € G x H, then nf(g,h)0(ng,h) = 0. Thus 6(g,h) = 0. So

3. Suppose that R is a commutative ring and that J; and J; are ideals in R. Then R/Jy, R/ Ja,
and R/(J; + Ja) are all R—modules. Observe that if r + J; € R/J, then r + J; = r(1 4+ Jy).
Hence R/Jy is generated by 1 + J; (and similarly for R/J; and R/(J; + J2)). Consider
BR(R/Jl, R/JQ; R/Jl + JQ) If6 e BR(R/Jl, R/JQ; R/(J1+J2)), set a(@) = 9(1+J1, 1+J2) €
R/(J1+J2). The map « defined by 6 — «(f) is an R—homomorphism Br(R/J1, R/J2; R/ (J1+
J2)) — R/(J1+J2). Now suppose that r + (Jy +J2) € R/(J1 +J2). Let Brp (g, 47,)(s+ J1,t+
Jo) =rst+Ji+J> € R/(J1+J2). Check that 8,1 (7,4 7,) is well-defined in terms of r, s, and ¢.
Check that 6T+(J1+J2) S BR(R/J1, R/JQ; R/(J1+J2)) The map 3 : ’I"+(J1+J2) — ﬂr+(J1+J2)
is an R-homomorphism Br(R/Ji, R/J2; R/(J1 + J2)) « R/(J1 + J2). Check that af and Ba
are identity maps. So Br(R/J1, R/Jo; R/(J1 + J2)) =~ R/(J1 + Ja).

28

homp(L, hompr(M,N)). So BR(R,M;N) ~



Suppose that R is fixed and that M; and My are R—modules. Suppose that 6 € Bg(M;, My; N) for
some R—-module N. We seek an R—module My ®pr Mo and a bilinear map ®pr: My x My — Mi®@gM>
such that VO and N, 3! R~homomorphism 0 : M; ® g Ms — N such that 0 o @ = 0:

Diagram
My x My ~—> N

0 e

®r -
re

e

M, ®@p M>

Definition 4.2 A tensor product M; ® M; is an R—module with a bilinear map which solves the
above problem.

We have to establish existence as well as uniqueness and properties. We obtain the properties of the
tensor product from its definition and not from its construction.

Notation We write m1 ®r mz for @g(mi,m2), m1 € My, ma € Ma. So we have rm; ®p ma =
my @g rmy = r(m1 g ma) Vr € R.

Theorem 4.3 Suppose that M| ® g My and M; ®§{ Ms are two tensor products. Then 3! isomor-
phism J : My @ g My — My ®f M such that J(m1 Qg ma) = my Q' ma.

Proof
M1 XM2L>M1 XM2L>M1 XMQ

oo e e

M1®RM2_i_Cl>M1®;gM2_iﬂ>Ml®RM2

®’R o id is bilinear, so 3! R—homomorphism id : M, ®gr My — M, ®’R M5 which makes the diagram

~/
commute. Similarly, 3! R-homomorphism id : My ®% My — My ®g Ms which makes the diagram
commute. Now consider

My x My 4>id My x My

l@R i@R
My @r My — — = My ®r M>

3! R-homomorphism making this diagram commute. This homomorphism must be the identity map
(since this works). So id o id’ = identity. Thus J = id is the required isomorphism.
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Theorem 4.4 Suppose that Ty : My — Ny and Tb : My — Ny are R—homomorphisms. Then
3! R-homomorphism S : M; ® g My — N; ®p N such that S(m; ®g ma) = T1(m1) @ Ta(ms)
VWM(EAﬂjﬂméfﬂﬁ.

Proof Consider the diagram

(T1,T2)
A{lx‘wﬁ————%>Aﬁ><A&

l@R i@R
M1®RM2—§>N1®RN2

The map (mq,ma) — T1(m1) ®g Ta(me) is bilinear. Hence, via the universal property of tensor
products, we can complete the diagram uniquely.

Notation We write 77 ® g T> for the mapping S.
Theorenl4iiAL&®RA£2::N@§m?Aﬁ.

Proof Consider the following diagram:

AﬁrX.N&““‘>]Mé><A414444%>A41@)Aﬁ

Jon Jon Jon

M1®RM2_;>M2®RM1_;>M1®RM2

We have k o j = identity. Similarly j o k = identity. Hence j and k are isomorphisms, and
J(m1 ®g ma) = ma ®r my.

Theorem 4.6 Suppose that L, M, and N are R—modules. Then L&r (M &rN) ~ (L&rM)®r N.

Proof Let K be any R—module, and let v be a trilinear map v : L x M x N — K. Suppose that
I € L and let T;(m,n) = vy(l,m,n). Then T; € BR(M, N; K). So we have

Uﬂna”) (LaALJV)AJAAA:](
] | >
(Il,m®gn) Lx(M®gN)

with J unique. We shall now show that J is a bilinear map.

1. First observe that for each fixed [ € L, the map M ® g N — K given by h — J(l,h) is an
R-homomorphism.
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2. Next suppose that l1,ls € L and 1,75 € R. Let z(m,n) = y(r1ly + rola, m,n) —r1y(ly, m,n) —
roy(la,m,n). Then z(m,n) =0 Vm,n € N.

MxN—K

7
0 Ve
l@R -

-
-
M ®r N

Now the map M ® g N — K given by h — J(rily + ralo,h) — r1J(l1,h) — roJ(l2, h) also
makes the diagram commute. Hence we have J(rily + ralo, h) — riJ(l1,h) — raJ(la,h) = 0
Vh € M ®g N. Now (1) and (2) imply that .J is bilinear.

LxMxN —

|

L x (M@RN)/j

/
/
\L@R/
/

L®g (M@RN)

K

Hence there is a unique map J such that the diagram commutes. This shows that L @ (M ®gr N)
satisfies the universal property of trilinear maps:

LxMxN”—;K
L®R(M®RN)

Similarly, one shows that (L ® g M) ®g N has the same property. Now use an argument similar to
that of Theorem 4.3 to conclude that L ® g (M ®r N) ~ (L ®p M) ®r N.

Theorem 4.7 M®R (N1 EBNQ) ~ (M XRr Nl) D (M XRnr NQ)

Proof Let P: M x (N1 ® N3) — (M x N1) ® (M x N3) — (M ®p N1) ® (M ®g N2) by (m,n; &
ng) — (m,n1) & (m,ng) — (M g n1) ® (M g nz). Define iy : M x Ny — M x (N1 & Na) by
i1(m,n1) = (m,ny ®0). Define i5 similarly. Then Poiy : M X Ny — (M Qg N1) ® (M Qg Na) is
bilinear.

M x Ny —— > M x (N1 & No) ——5 K

_ - —~
5t - - //
®Rr - — TP _ -
_ - - — l
— —

M®r N~ — > (M ®p N1) @ (M ®r Ny)

Hence via the universal mapping property, 3! R—homomorphism j; making the diagram commute.
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Consider k1 : M ®r N1 — (M ®r N1) & (M ®gr N2) defined by ki(h) = h @ 0. Then k; makes
the diagram commute, and so k1 = j;. Next let b : M X (N7 @ N3) — K be a bilinear map,
and consider the map bi; : M x N; — K. This map is bilinear, and so 3! R-homomorphism
Iy : M ®g N7 — K such that bi; = o (®g). Similarly, 3! R-homomorphism ly : M ®p Ny — K
such that blg = lz 9 (®R) Define [ : (M XRnr Nl) D (M Rnr Ng) — K by | = ll + lg. Then
IP(m,n1 ®ng2) =l[(m®rn1)®(mMgn2)] =l1(m®gn1)+l2(m @ n2) (by the definition of 7). In
turn, I3 (m ®@g n1) + l2(m @pg na) = biy(m,n1) + bia(m, ne) = b(m, n1 +nz2) So I makes the diagram
commute. Finally, [ is the only mapping with this property, for suppose that I’ is another. Then
b(m,n1 @ 0) = biz(m,n1) = li(m@gn1) =UPim,ny ®0) =U'[(m@rn1) @0 =Uj1(m@gn1) =
lj1(m®pgny1). Hence I'j; = lj;. Similarly, I’jo = ljo. Now since (21,22) € (M ®g N1) ® (M @ N2),
l(l‘l,xg) = l]l(.ﬁl) + ljz(l‘g) = l/jl(l‘l) + l/jg(l‘g) = l/(xl,l‘g), sol=1.

Examples

1. Suppose that M and K are R—modules.

Rx M- >k

7
s
®r 7
7 b

e

M

Observe that b(r,m) = rb(1,m). Let r @grm = rm (r € R,m € M). Define b(m) = b(1,m).
Then b is the unique R-homomorphism making the diagram commute. Hence R ® p M ~ M.

2. R"@rM=(ROSR® - ®R)@rM~(RIpM)B(RRrM)D---®(RQr M) (m times)
~MoOM®- - -®M (m times) = M™.

3. R" @x T" ~ R™.

Explicitly Suppose that r = (ry,7r2,--- ,7,) € R™, i.e. r =rie; +72e2 + -+ + ryep,, Where ¢; is
the standard basis vector of R™ and s = (s1, 82, ,8n), i.6. 8 =81f1+ safa+ -+ Spfn, where f;
is the standard basis vector of R™. Then r g s = Z” ri5;€; QR fj.

R™ is freely generated by e1,ea, - ,e,. R™is freely generated by f1, fo, -, fnn. R™ Qg R" is freely
generated by {e; ®r f; : 1 <i<m,1<j<n}

Note In general if M and N are R—modules, then ® g does not map onto a submodule of M @ N.
However, every element of M ®g N can be written in the form x = Z§=1 mj; ®rn; (m; Qg n; is
called an elementary tensor). This is because the set £ = {>" m; ®rn;} is a submodule of M @z N,
and it satisfies the universal mapping property.

MxN-2 sk

7
s
®r 7.
“ b

e

Z

32



Define I;(E?ZI mj; Qrnj) = 25:1 b(m;,n;). Hence Theorem 4.3 implies that the inclusion .2 —
M ®pg N is in fact an isomorphism.

Warning The representation is not unique in general.

4.1 Existence of the Tensor Product

Let S be the set M x N. Let R be the free R-module generated by S. So R'®) has basis
{m@n:mée& M,n € N} (notation). If z € RS, then we may write z = Z?:l rym; @ nj. Observe
that m; @n+mae@n # (m1 +msg) @n. Let K be the submodule of R() generated by the following
set: {m1@n+ma0n—(m1+me)@n,moOn; +mens —mao (ng+nsz),(rm)on—r(man),me
(rn) — r(m @ n)Vmy, ma,m € M,ny,ne,n € N,r € R}.

Theorem 4.8 Let ¢ : R®®) — R() /K be the quotient map. Let ® g be defined by m®@gzn = ¢(mon).
Let M @ N = R(S)/K. Then M ®gr N is a tensor product of M and N.

Proof First observe that g : M X N — M ®pgr N is bilinear. Let’s take a look at an example:
(my1 4+ mg) @n) = qg(m1 @n+ my @n) (by construction of K) = g(m; @ n) + g(ms @ n) (since ¢ is
a homomorphism) = m; ®g n + ma Qg n.

Next we note that if x € M ®g N, then we may write z = Zle m; @r n; (since RO is freely
generated by {m @n:m € M,n € N}).

MxN-2 1

7
e
®r 7

7

M®g N

k
i=1

Suppose that b is a bilinear map. Define b(z) = 3.
to answer:

b(m;,n;). There are a few questions we need

1. Why is this well-defined?

2. Does it have the required properties?

Now since RS is freely generated over {m @ n}, 3 an R-homomorphism A : R — L such that
A(m @n) = b(m,n). If z is any of K, then A(z) = 0 (e.g. A((m1 +m2) On—m; @n —my @
n) = A((m1 + ma) @ n) — A(m1 @ n) — A(ma @ n) = b(my + ma,n) — b(my,n) — b(ma,n) = 0
(since A is bilinear)). Hence if y € K, then A\(y) = 0, so A is constant on cosets of K. Define
b(w 4+ K) = A(w). Then (b) : R)/K — L is an R-homomorphism. Furthermore, b(m ®p n) =

b(glmon)) = A(mon+ K) = A(m @ n) = b(m,n). Hence the diagram commutes. Finally b is
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unique, for suppose that b were another R-homomorphism making the diagram commute. Then
bm®@rn) =b(m@gn) Ym € M,Vn € N. If z € M ®g N, with z = Zlemmi ®p n;i, then

I;(z) = Zle rig(mi ®rni) = Zle rib(m Qg n;) = v.

Example and Exercise Suppose that R is a ring and I and J are ideals in R. Then R/I, R/J
and R/(I + J) are R—modules.

(R/I) x (R/J)G*; N

R/(I+ )

Define 8 by B(r + 1,5 +J) = rs 4+ 1 4+ J. Then f is bilinear, and (1 + 1,1+ J) = 1+ 1 + J.
Since 6 is bilinear, we have 0(r + I,s + J) = rs[(0(1 + 1,1+ J)]. Define 6 : R/(I +J) — N by

Ot+I+J)=t0(1+1,1+J).
1. Show that 6 is well-defined.

2. Show that 6 is the unique homomorphism which makes the diagram commute.

Hence (R/I)®gr (R/J) ~R/(I+J). If I +J = R, then R/(I + J) = {0}, e.g. if (m,n) = 1, then
(Z/mZ) @z (Z/nZ) = {0}. If (m,n) = h, then (Z/mZ) @ (Z/nZ) ~ Z/hZ.

Remark The notation x ®g y is ambiguous unless we specify the tensor product to which x ®g y
belongs. Suppose M and N are R—modules with submodules M’ and N’, respectively. Let x € M’
and y € N'. Then it can happen that t @gy € M ®g N is zero while 1 @ gy € M’ ® g N’ is nonzero,
e.g. take R=7, MZ, M' =2Z, N' = N = Z/2Z. Let x be the nonzero element of N, and consider
the element 2 @p x. Then 2@rx € M ®r N is zero since 2Qrpx = 1®r2xr = 1®5 0 = 0. However,
2®prx € M’ ®@r N’ is nonzero.

Proposition 4.9 Let z1,z2, -+ ,2, € M and y1,y2,- -+ ,yn € N such that ;" | z; ®gy; = 0 (in
M ®p N). Then 3 finitely generated submodules My and Ny of M and N, respectively, such that
Z?:l x; ®y; =0in My ®pr Np.

Proof Suppose that > ; z; ®z y; = 0. Then (using the notation of the proof of Theorem 4.8)
Z?:l r;0y; € K C RS Hence Z?zl x; ©y; is a finite sum of generators of K. Let My be the sub-
module of M generated by x1,x2,- - ,x, and all elements of M which occur as “first coordinates”
of these generators of K. Define Ny similarly. Then Y. | z; ®g y; = 0 in My ®g No.

4.2 Restriction and Extension of Scalars

Definition 4.10 Let f : R — S be a ring homomorphism, and let N be an S—module. Then N has
an R-module structure: If r € R,n € N, then rn := f(r)n. This R-module is said to be obtained
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from N by restriction of scalars.

Proposition 4.11 Suppose that N is a finitely generated S—module and that S is a finitely gener-
ated R—module. Then N is a finitely generated R—-module.

Proof Let y1,y2, -+ , Yn generate N over S, and let z1, 2, - - , 2, generate S over R. Then {z;y;}
generate N over R. Now suppose that M is an R—module. Since S is an R—module, we may form the
R-module Mg := S®r M. Now Mg carries an S—module structure such that s(s' ®@zrm) = ss’@gm
Vz,z' € S,m € M. The S—module My is said to be obtained from M by extension of scalars.

Proposition 4.12 If M is finitely generated as an R—module, then Mg is finitely generated as an
S—module.

Proof If 1,3, - ,x, generates M over R, then 1 ®g 1,1 ®g x2, -+ ,1 ®p =, generate Mg over

S.

4.3 Exactness Properties of the Tensor Product

Product Suppose that M, N, and P are R—modules. Recall that we showed earlier that Br(M, N; P)~
homp (M, homp(N, P)) (canonically). On the other hand, from the universal property of the tensor
product, we have Br(M, N; P) ~ homgr(M ®gr N, P) (canonically). Hence we have a canonical
isomorphism homg(M ®g N, P) ~ hompg(M,homg(N, P)).

Proposition 4.13 Let E® : 0 — M’ LM % M” = 0 be an exact sequence of R—modules and
homomorphisms, and suppose that N is any R—module. Then the sequence E*QrN : M'Qr N fop!
M ®@r N 998t gy ®r N — (where “1” denotes the identity mapping on N) is exact.

Proof Let P be any R-module. Since E°® is exact, Proposition 2.17 implies that the sequence
homp(E*®, homg(N, P)) given by

0 — hompg(M", homg(N, P)) — homg(M, homg(N, P)) — homg (M’ homg(N, P))

is exact. So the sequence homg(E® @ N, P) given by 0 — homg(M"” ®@g N, P) — homg(M ®g
N,P) — hompr(M’' ®g N, P) is exact. Now it follows from Proposition 2.17 that the sequence
M @rN—-M®rN — M"®r N — 0 is exact, as asserted.

Remark It is not true in general that if 0 — M’ — M — M"” — 0 is exact, then so is
M @r N - M ®zr N — M"” @r N for an arbitrary R—module N, e.g. take R = Z, and con-

sider the exact sequence 0 — Z 5z Z/2Z — 0, where f(z) = 2z Vx € Z. Tensoring with
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N = 7/27 gives a sequence Z ®y (Z/27) el ®z (Z)27) — (Z/27) ®z (Z/27) — 0, and this is
not exact because f ®z 1 is not injective. (f ®z1)(z @z y) =20 @ Zy =2 Rz 2y = ®z0 = 0. But
7 Ry (L)27) ~Z]27 # 0.

Definition 4.14 Suppose that an R—module N satisfies the following property: Given any exact
sequence
= My — My, — My — -

of R—modules, the sequence
= M; @r N = M1 Qg N = Mi12 @p N — - -~

is also exact. Then N is said to be a flat R—module.

Proposition 4.15 Let N be an R—module. Then the following statements are equivalent:
1. N is flat.

2. If0 - M’ — M — M" — 01is any exact sequence of R—modules, the sequence 0 — M'QrN —
M®r N — M" @ N — 0 is also exact.

3. If f: M’ — M is injective, then f ®r 1: M’ g N — M ®pg N is also injective.

4. If f : M’ — M is injective and M’ and M are finitely generated, then f ®r1: M' ®r N —
M ®pg N is injective.

Proof (1) and (2) are equivalent since any long exact sequence can be split into short exact se-
quences. (2) and (3) are equivalent by Proposition 4.13. It is clear that (3) implies (4). Thus
we need to show that (4) implies (3). To do this, suppose that f : M’ — N is injective, and let
u=> x;,QrYy; € ker(f ®r 1). Then > f(z;) ®ry; = 0in M ®r N. Let M/, be the submodule
generated by the x;s. Then ug = 3 z; @ py; viewed as an element of M ®p N. 3 a finitely generated
submodule My of M such that f(M}) C My and > f(x;) ®r y; = 0 as an element of My ®g N. So
if fo : M{j — My is the restriction of f, then (fo ®g 1)(ug) = 0. My and M| are finitely generated,
and so fo ®g 1 is injective. This implies that ug = 0, and so u = 0.

Exercise Prove that if f : R — S is a ring homomorphism and M is a flat R—module, then
Mg =S ®pr M is a flat S—module.

4.4 Algebras

Suppose that f: R — S is a ring homomorphism. If » € R and s € S, define a product rs := f(r)s.
This makes S an R—module. Note that S also has a ring structure, and these two structures are
compatible.
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Definition 4.16 An R—algebra is a ring S together with a ring homomorphism f: R — S.

Note

1. If Ris a field K and S # 0, then f is injective. Hence K may be canonically identified with
its image in S. So a K—algebra is a ring containing K as a subring.

2. Every ring (with identity) is a Z-algebra.

3.Let f: R — S, g: R — T be ring homomorphisms. An R—algebra homomorphism
h: S — T is a ring homomorphism which is also an R—module homomorphism.

Definition 4.17 A ring homomorphism f : R — S is finite and S a finite R—algebra if S is
finitely generated as an R—module.

Definition 4.18 We say that f is of finite type and that S is a finitely generated R—algebra
if 3 a finite set {z1,xa, - ,z,} C S such that every element of S can be written as a polynomial in
Z1,Ta, -+ , T, with coefficients in f(R).

Aliter Thus if 3 an R-algebra homomorphism from Rl[ty,ts,- -+ ,t¢,] onto S.

Definition 4.19 A ring R is said to be finitely generated if it is finitely generated as a Z—algebra.
So Jx1,x2,- - ,x, € R such that every element of R can be written as a polynomial in the x;s with
coefficients in Z.

4.5 Tensor Products of Algebras

Let A and B be two R-algebras, and let f : R — A and g : R — B be the corresponding
homomorphisms. Consider the R—module D := A®p B. We define a multiplication on D as follows:
Consider the mapping A x B x A x B — D, (a,b,a’,V') — aa’ ®g bb’. This is R-linear in each
factor, so it induces an R—homomorphism AQgr BQr A®r B — D, i.e. D®gr D — D. This in turn
corresponds to an R-bilinear mapping p : D x D — D such that p(a ®@g b,a’ @p V') = aa’ @r bb'.
With this multiplication, D is a commutative ring with identity 1 ®g 1. Also, D is an R—algebra via
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r— f(r) ®g g(r). 3 a commutative diagram

with u(a) =a®gr 1 and v(b) =1 Qg d.

Proposition 4.20 Let M be a finitely generated R—module, and let I be an ideal of R. Suppose
that ¢ : M — M is an R-homomorphism such that ¢(M) C IM. Then ¢ satisfies an equation of
the form ¢" + a1¢" ' +--- 4+ a, =0, with a; € I.

Proof Let x1,x9,- - ,x, be a set of generators of M. Then ¢(x;) € IM, so ¢(x;) = 23‘1:1 @i x;
(1<i<mn, aj€l),ie. Z?Zl(@jqb — aij)z; = 0. Multiply the left-hand side by the adjoint of the
matrix (§;;¢ — aij). Then it follows that det(d;;¢ — a;;) annihilates each x;;. Thus det(d;;¢ — a;;)

is the zero endomorphism of n. Expand this to get the desired equation.

Corollary 4.21 Let M be a finitely generated R—module, and suppose that I is an ideal of R such
that M = M. Then 3z € R such that z =1 (mod I) with with M = 0.

Proof Take ¢ as the identity in Proposition 4.20. Then z =1+ a; +--- + a,.
Recall The Jacobson radical #Z of R is the intersection of all maximal ideals in R.

Proposition 4.22 (Nakayama’s Lemma) Let M be a finitely generated R—module and I an ideal
of R contained in #. Then if IM = M, then M = 0.

Proof

1%¢ proof Corollary 4.21 implies that M = 0 for some = 1 (mod )R. Proposition 1.24 implies that x
is a unit in R since 1 — (1 —z) € Rz. So M =z~ 'aM = 0.

27d proof Suppose that M # 0, and let uy,ug,--- ,u, be a minimal set of generators of M. Then
Uy, € IM, so we have an equation of the form u, = aju; + agus + -+ + apuy, a; € I C Z.
Thus (1 — ap)un, = aguy + agus + -+ - + ap_1Up—1. But a, € %, so 1 — a,, is a unit, which is a
contradiction.
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Corollary 4.23 Let M be a finitely generated R—module, N a submodule of M, and I C %. Then
M = IM + N implies that M = N.

Proof Apply Proposition 4.22 to M/N. (Note that I(M/N) = (IM + N)/N).

Now suppose that R is a local ring with maximal ideal m and residue field kK = R/m. Suppose that
M is a finitely generated R—module. Then M/mM is a finite dimensional k—vector space.

Proposition 4.24 Let z; (1 < i < n) be elements of M whose images in M/mM form a basis of
this k—vector space. Then the x;s generate M.

Proof Let N be the submodule of M generated by the ;. The map N — M — M/mM is surjec-
tive. Thus M +mM = M, whence N = M be Corollary 4.23.

4.6 Exterior Powers

Suppose that R is a commutative ring and M is an R-module. Then (M ®@r M) Qg M ~
M ®r (M ®gr M), i.e. we can form “repeated tensor products.” Let K, be the submodule of
MrM®pg---®@rM (n times) generated by the set {m1 @rma®p---Qrmy | mi,ma, - ,m, € M
and m; = m; for some i # j}. Write ¢, : M QR M Qpr---@p M — (M @r M Qg ---®r M)/K; for
the quotient map.

Definition 4.25 The n*h exterior power A" M is defined by A"M = (M @r M Qg ---@r M)/ K,.
We write t1 Ata A+ Aty for ¢,(t; ®rts ®r -+ Qg ty) (t; € M).

Remark Observe that we have O = my AmaA---A(a+b)A---A(a+b)A---Amy, =miAmaA---AaA
< ABA- - Amyp+miAmaA- - - AbA- - -AaA- - - Am,, where the specially marked terms are in the i*h and
j*® positions, respectively. (All the other terms cancel.) So my Amg A---AaA---AbA---Am, =
—mi Amo A---ANbAN---NaAN---ANmy,, ie. mi Amg--- Am, = —Mar1) A Mr)y Ao A Me(py,
where 7 is any transposition in S,. Hence if 0 € S,, and €(o) is the signature of o, then we have
my Amg A Amy = €(0)Mgy AMg2)y A AMg(n)-

Examples
1. For any M A'M = M.

2. A%(Z/2Z) = 0. This is because a generator of Zs ®z Zs is 1 ®z 1. But <1 ®z 1> is the
submodule factored out out to get A%(Z/27Z).
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3. Similarly, A"V = 0 if V is an F-vector space of dimension n < r, for if e1, ez, -+ , e, is a basis
of V, then A"(V) is spanned by elements of the form e;; Ae;, A---Ae;.. Since r > n, at least
two of the e;s are equal, and so e;; Ae;, A---Ae;. = 0. (Similarly, A"M = 0 for any R—module
M which is generated by a set of order less than r.)

4. Let V be an R-vector space of dimension 3. Then A2V has dimension 3, for let ey, es,e3
be a basis of V. Then V ®g V has a basis of V. Then V ®g V has dimension 9 with basis
{e1@rej | 1 <i,j <3}. To get A%V, factor out the submodule generated by all elements of
the form v ®r u. So e; Ae; =0, and also e; Aej = —e;j Ae; if @ # j. So a basis of A2V is
e1 N €9, €1 AN €3, €2 A €3.

Theorem 4.26 Let M be a finitely generated free R—module with basis a1, as, - ,a,. Then

A" M 0 ifr>n
is free with basis B = {a;, Aaj, A=+ Na;, |1 <i <ig<---<i.<n if1<r<n.

Proof The result is trivial for » > n. Suppose that 1 < r < n. It is clear that the set of all
a;, N\ aj, N -+ A a;, (any choice of integers i1,4a, -+ ,%,) span A"M. Hence such an element is
zero if two indices are equal and otherwise can be written in the form a;, A aj, A--- A a;,, where
j1 < j2 < -+» < jr by permuting and multiplying by the signature of the permutation. To show
linear independence, suppose if possible that A1b1 + Aobs +- - - 4+ Asby = 0, where each A\; € R, A; # 0,
and each b; € B. Suppose that b; = a;, Aaj, A---Na;,, i1 < iz <--- <i,. Define a homomorphism
@ MpM®p--®r M — R by

r times

6(0) if (j1)j27' o 7j7') = O'(il,ig, o ,i7-)70 € ST,

¢(aj, ®r aj, O R a;,) {0 otherwise.

extended linearly. Then ¢(m;@rma®p---®@gm,) = 0 if any two of the m;s are equal. So ¢ induces a
homomorphism ¢ : A"M — R such that ¢(a;, Aa;,A---Aa; ) = 1. Then 0 = ¢(A1by+Aaba+- - ~+Aby),
ie. 0=\ since ¢(by) = ¢(b3) = -+ = ¢(by) = 0 by construction, which is a contradiction. So the
elemets of § are linearly independent.

Proposition 4.27 (c.f. Theorem 4.4) Let M and N be R-modules, and let f : M — N be a
homomorphism. Then 3 homomorphisms A" f : A"M — A"N Vr such that

1. Given also a homomorphism g : N — P, we have that A"(go f) = (A"g) o (A" f).

2. If f is an isomorphism, then A" f is an isomorphism Vr.

Proof

1. Theorem 4.4 implies that for each » > 1, f induces a homomorphism f : M@rM®pg---QrM —
N®rN®pg--- N (r times) such that f(mi @rmo @r- - @rmy) = f(m1) Or f(m2) Or -+ @r
f(m,;). Clearly f maps K,(M) to K,.(N). Hence f induces a map A" f : A"M — A" N, where
(A"fY(mi Ama A--- Amy) = f(m1) A f(ma) A+ A f(m,.).
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2. Let g : N — M be the inverse isomorphism of f. Then A"(f) o A"™(f) = A"(gf) (from (1))
= A"(id) = id. Similarly, A"(f) = A"(g) = id, and hence A"(f) is an isomorphism ¥r.

Theorem 4.28 Let M and N be free, finitely generated R—modules (R # 0) with M ~ N. Suppose
that aq,as,--- ,a,, is a basis of M and that by,bs,--- ,b, is a basis of N. Then m = n.

Proof Clearly M ~ R™ and N ~ R". Hence R™ ~ R™. Suppose if possible that m > n. Then
R ~ A™(R™) (via Theorem 4.26) ~ A™(R™) (via Proposition 4.27) = 0, which is a contradiction.
Hence m = n. Hence every basis of M has m elements in it. This number m is called the rank of
M. (This generalizes the notion of dimension of a vector space.)

Remark It follows frm Theorem 4.26 that the rank of A”M is (") (1 <r < n) if M is free of rank
n.

Definition 4.29 Let M and N be R-modules. A function f : M x M x---x M — N is an

r times
alternating map if

1. Tt is a homomorphism in each variable separately (i.e. “f is r—linear”).

2. f(mi,ma, - ,m,) =0 if any two mys are equal

Theorem 4.30 3 a one-to—one correspondence between alternating maps M x M x --- x M — N

r times

and R-homomorphisms A"M — N.

Proof Suppose that f: M x M x --- x M — N is an alternating map. Then 3! map f: M ®g
M ®pg - - ®r M — N such that the following diagram commutes:

MxMx---fog;N

\L@)R 7
~ - f

MRrMQp---Qr M

Since f is alternating, f(KT(M )) = 0. Hence f induces an R-homomorphism f : A"M — N.
Conversely, given g : A"M — N, define g : M x M x --- x M — N by g(mi,ma,---,m,) =
glmy Amg A--- Am,). Then g is alternating.

Definition 4.31 Let M be a free R—module of rank n, say, and let f : M — N be a homomor-
phism. Then A" M is free of rank 1, and so A" f : A" M — A™M is multiplication by an element of
R. This element is called the determinant of f, i.e. if z € A" M, then (A™f)(z) = (det f)x or for
my, Mo, , My € M, we have that f(mi) A f(m2) A+ A f(my) = (det f)(my Ama A -+ Amy,).
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Proposition 4.32
1. If f is the identity morphism, then det(f) = 1.
2. If g: M — M is another homomorphism, then det(fg) = (det f)(det g).

3. If f is an isomorphism, then det(f) is in the group of units of R.

Proof
1. A™(id) is the identity map on A™(M).
2. This follows from the fact that A™(fg)A™(f)A™(g).
3. Let g be the inverse of f. Then (det g)(det f) = det(gf) = det(id) = 1.

Proposition 4.33 Let aj,as, -+ ,a, be a basis of a finitely generated free R—module M. Let
f:+ M — M be a homomorphism, and let f(a;) = >, rija; (r; € R) (i.e. (ri;) is the matrix of f
with respect to this basis). Then det f = g €(0)To(1)170(2)2 " " To(n)n-

Proof A" f(ai Aax A+ Nan) = flar) A fla2) Ao A flan) = (32, ri1ai) A (325, Tis2ai, A A
(i, Tinn@in) = D i i Tin1Tin2 ** Tign (@i AGi A Nai, ) = 30 e €(0)T0(1)170(2)2 * * To(nyn (@1
as A---Aayp) because if 41,142, - , 4, is not a permutation of 1,2,--- ,n, then a;, Aa;, A---Aa;, =0,
but if {1,492, ,in} =0{1,2,--- ,n} (60 € Sy), then a;; Aaj, AN---Na;, =e(c)ar Aag A+ A ay.

Notation Suppose that M is a finitely generated free R—module of rank n and that x € A" M and
y € A" "M. Then x = ), x;, where each x; is of the form m; Ama A --- Am,, and y = >, v,
where each y; is of the form m, 1 Am,42 A--- Am,. We write x Ay for Zi,j x; Ay; in A" M, where
(my Amg Ao~ Amy) A (M1 AMpga Ao Amy) =mg Ama A= Amy,.

Observe that if f: M — M is an R—homomorphism, then [(A” f)(z)] A[(A" " f)(y)] = A™(f)(z Ay).

Proposition 4.34 Suppose that x € A"M. Then the values of x Ay € A" M for all y € A" "M
determine x.

Proof Let aji,az,- - ,a, be a basis of M. Let x = ) rz;, where r; € R; and each z; is of
the form a;, Aaj, A---Aa;,, where 1 < i3 < iy < -+ < 4 < n. Consider the coefficient rj of
T = Qg Nagy Ao+~ Nag,.. Let y =aj, ANaj, A---Naj,_, where 1 < ji < j2 <--- < jp—r <nandno
kis equal toa j. Then x Ay =", 7i(x; Ny) = re(zr Ay) = £(a1 Aaz A--- Aayp). This determines
rr. Vk and hence also z.
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Corollary 4.35 3 a one—to—one correspondence between homomorphisms A"M — A"M and A" "M —
A"TTM.

Proof Given f : A"M — A"M, define f : A"""M — A"""M by = A f(y) = f(z) Ay, = € A"
(y € A"""M). By the proof of Proposition 4.34, this determines f(y). Now f is a homomorphism
since e.g. @ A f(yr +y2) = f(@) Ay +y2) = fla) Ayr + f(@) Aya = 2 A flya) + 2 A fly2) =
T A(f(y1)+f(y2)). Since this is true Vo € A"M, it follows that f(y1 +y2) = f(y1)+ f(y2). Similarly,

flsy) =sf(y) Vs € R,y € A»""M. Since the process f +— f is clearly reversible, it is a one-to—one
correspondence.

Proposition 4.36 Let f : M — M be an R-homomorphism. Let ALf : A"M — A"M be the
homomorphism corresponding to A" f : A" "M — A"""M via Corollary 4.35 (i.e. if x € A" M
and y € A" M, then [ALf(x)] Ay =a A (A" "f(y)). Then (ALf)(A"f) = (det f) - id.

Proof Suppose that z € A"M and y € A" " M. Then [(ALf-A"flz] Ay = (A"f) (@) A(A" " f)(y) =
(A"f)(x ANy) = (det f)(z Ay) = [(det f)z] Ay. This is true Vy € A"""M. Hence, by Proposition
4.34, we have (A7 f - A" f)x = (det f)x. This is true Vo € A"M, and so A”f - A" f = (det f)id.

Corollary 4.37 If det f € group of units of R, then f is an isomorphism.

Proof Let g : (det f)"*Alf: M — M. Then g- f = id by Proposition 4.36. Hence f is one-to—one,
and g is onto. Since g - f = id, we have that (det g)(det f) = 1, and so det g € group of units of
R. A similar argument shows that g is one-to—one. Therefore g is an isomorphism, and so f is an
isomorphism.
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Chapter 5

Finitely Generated Modules Over
a Euclidean Domain

Definition 5.1 An integral domain R is Euclidean if 3 a function d : R — Z such that
1. d(z) > d(0) Yz # 0;
2. f x #0 and y € R, then y = zq + r, with d(r) < d(z).

If R is a Euclidean domain, then R is a principal ideal domain.

Definition 5.2 Let A and A’ be m X n matrices over a Euclidean domain R. Then A and A’ are
said to be equivalent if 9 an m x n matrix B and an m X n matrix C, both invertible, such that
A’ = BAC. (This is plainly an equivalence relation.)

Observe that B is invertible iff B represents a homomorphism R™ — R™ which is an isomorphism
iff det B € group of units of R.

Lemma 5.3 Let A be an m X n matrix over R. Then A is equivalent to a matrix of the form

(1 0O 0 0 --- 0]
0 r9 -+ 0 0 --- 0
0 0 0 0 0
0 0 rs 0 0]’
0 0 0 0 0
10 0 0 0 0]
where 71,73, -+ , 75 are nonzero elements in R and s > 0.

Proof First note that we have elementary row and column operations of the following forms:
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1. Exchange the i*" and j*® rows or columns.

‘th
J

2. Replace the i*" row or column by (i*" row or column) + r(j*" row or column) for some r € R.

Each of these corresponds to pre-multiplying or post—multiplying A by invertible matrices and so
gives an invertible matrix.

Replace A by an equivalent matrix with the property that min,,;—od(a;;) is as small as possible.
Then arrange for this minimum to be attained by a1 using opeations of type (1). Now consider
a;; (7 > 1). Write a;; = a11q + 7, where d(r) < d(ai1). If we were to replace the 4t column
by (5" column ) — ¢(1%% column), we’d get an equivalent matrix with aj; replaced by r. Since
d(r) < d(a11) = minimum possible, we must have r = 0, i.e. a11 | a1;. Similarly, a1y | a;1 for each
i > 1. Now use row and column operators to make a;; = 0 and a;; = 0 Vi, j > 1. Then consider the
matrix B which is A without the first row and column. Repeat the process on B.

Remarks

1. Tt is possible to arrange for ry | 79, 79 | r3, - - -. To prove this, assume that, amongst equivalent
diagonal forms, d(r1) is minimal. If, say, r; and ro, then write 7o = r1q¢ + r, with d(r) <
d(r1). Now use operations of type (2) above to replace 7o by r. But now the matrix is no
longer diagonal. Now diagonalize the matrix as before: d(new r1) < d(r) < d(ry). This is a
contradiction unless r = 0.

2. In fact, the same results hold if R is just a principal ideal domain. (Replace d(r) be the length
I(r) = the number of irreducibles (primes) in the unique factorization of r.

Definition 5.4 An R—module M is cyclic if it is generated by a single element, m, say.

Note Suppose that I = {r € R: rm = 0}. Let 6 : R — M be given by 0(r) = rm. Then 6 is onto,
and ker§ = I. So I is an ideal, and M ~ R/I. Since R is a principal ideal domain, 3r € R such
that I = (r), and so in fact M ~ R/(r) and M ~ R if r = 0.

Theorem 5.5 If R is a Euclidean domain and M is a finitely generated R—module, then 3 cyclic
R-modules My, My, --- , M, such that M ~ M, ® My @ --- D M,,.

Proof By Proposition 2.15, we can write M ~ L/K, where L is a free R—module of rank n, say. By
Proposition 3.7, since R is a principal ideal domain, L is noetherian, and so K is finitely generated.
Let l1,l2,--- ,l, be a basis of L and let kq, ks, -,k be a generating set for K (the ks don’t
necessrily form a basis for K). Write b; = >_"_, a;;1; (some a;; € R), i.e. k = Al, where

j=1
k1 l1

- ko ~ ly

k=1 .|, i=|.], A=(ay).
km ln
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By Lemma 5.3, 3 invertible matrices B and C such that

rt 0 0o 0 -~ 0
0 7o 0 0 --- 0
BAC=|0 0 - 0 0 . 0
0 0 - 7 0 --- 0
o 0 -~ 0 0 0

(s > 0, ry nonzero). Let k' = Bk, ! = C~'I. Then k' = BAl = (BAC)I'. Since B and C are invert-

ible, we have that &' generates K and I’ is a basis of L. We have k| = ril}, ki = rol}, -+, k, = r,l.,
ki1 =k o=---=k, =0 Nowdefine:L — R/(r1)®R/(r2)® - ®R/(rs) DROR®---®R
(total of n factors) by 6(ail] + azly + -+ + anll) = ([a1], - ,[as], @541, ,an). Then 6 is an R—

homomorphism and is onto, and ker§ = K. Hence M ~ L/K ~ R/(r1) ® R/(r2) & --- & R/(r2) &
RORD---®R.

Remarks

1. By the first remark after Lemma 5.3, we may assume that ry | 7o, 7o | r3, ---. (In this case,
the above decomposition is unique.) (Note that the number of copies of R is unique. If F' is
the field of fractions of R, then M @ F = F® F & ---® F ((n — s) times). Thus M ® —rF
is an F—vector space of dimension n — s. So n — s is determined by M.

2. We may assume that each r; is a power of an irreducible (prime).

3. Everything works over a principal ideal domain R, not merely a Euclidean Domain.

Examples

1. Take R =Z. Given a finitely generated abelian group G, we can write G ~ Z/rZ ® Z/rZ &
DL DLPLD - DL, where either

(a) 71 | ro,re | 13,0 or

(b) Each r; is a prime power.

2. Vector spaces with endomorphism. Let V be a finite dimensional F—vector space. Let 0 :
V — V be an endomorphism. Then V is an F[z]-module, where (ag + a1 + - -+ + apz™)v =
agv + a10(v) + -+ - + a,0"(v). Now V is a finitely generated F[z]-module, so by Theorem 5.5,
we get V =~ Flz]/(f1(x)) & Flz]/(f2(z)) & --- & Flz]/(fm(x)). Hence we may assume that
deg fi(xz) > 1 (for if f;(z) =0, then F[z]/(fi(xz)) = 0, and we can ignore it). Also assume that
each polynomial f;(z) has leading coefficient 1. Further we can arrange that either

(a) fi(x) | f2(2), fo(x) | f3(z), -+ or

(b) Each f;(x) is a power f an irreducible polynomial (i.e. a linear polynomial if F' is alge-
braically closed).
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How do we find such polynomials given 67

Given V of dimension n, choose a basis e1,es, -+ , e, and let 0(e;) = Zj a;je; (so the matrix of 6
is A := (a;5)). As in Theorem 5.5, we get a corresponding F'[z]-module L with basis l1,ls, -+,
and an F[z]-homomorphism ¢ : L — V given by ¢(I;) = e;. Then V ~ L/K, where K = ker ¢.
Let k; = zl; — Zj a;;l; (¢ L). Then ¢(k;) = 0, i.e. k; € ker¢. In fact, ki, ko, - ,k, generate
K (for if K’ is a submodule of K generated by ki, ko, -+ ,ky, then L/K’ is an F-vector space
of dimension < n. But K’ C K, and L/K has dimension n. Hence K = K'). So, in the proof
of Theorem 5.5, we have to diagonalize xI — A. When diagonalized, the diagonal elements are
fi(x), fa(x), -, fm(x) (plus (n —m) 1s). Observe that fi(x)fa(x)--- fin(z) = det(xz — A) since
Yv € V we have [f1(0)f2(0) -+ frn(8)]v = (I — A)v = 0.

We can read off the Cayley—Hamilton Theorem.

Theorem 5.6 If we also arrange for f1 | fo, fo | f3,--, then f,,(x) (the last polynomial) is the
minimum polynomial for §. (We have f,,(0)v = 0 Vv since each f;(z) | fm(z) and 1 in Flz]/(fm(2))
is not killed by a polynomial of smaller degree.)

5.1 Jordan Canonical Form

Consider F[x]/(f;(z)). Suppose deg f;(x) = n; > 1. As an F-vector space, take basis 1,z, 22, --- , 2"~ 1.
So if we string together these bases for each i, we get a basis of V', and the matrix of 6 is the
Ay 0 0
0 Ay -+ 0
0 0 .0
0 0 - A,
where ~ _
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
Al‘ = ’
0 0 0 0 0
0 0 0 0 1
@0 Qny  Qny  Gpg 0 Ong_g |

where f;(z) = ag + an, T + - + an,_, 2" + 12",

5.2 Classical Canonical Form

(F = C). Take each f;(x) to be a power of a linear polynomial. Then, as an F—vector space,
F[z]/(z —\)® has basis 1,z — A, (z —\)2,- -+, (z = A)*~L. We have z(z —\)! = (z — A)ITL = Nz — \)?
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(and z(x — X\)*~! = XA(z — \)). The matrix now becomes

A1 00 0
0 A 10 0
00 A 1 0
00 0 A 0
0000 0
0 0 0 0 A

5.3 Linear Maps Over Non—Commutative Rings

Now we shall no longer assume that R is commutative.
The goal is to analyze the structure of R, where R is a finite dimensional algebra over a field k, say.

Suppose that M = My My & --- P M, and N = Ny ®No P --- & N,, are R—modules. Consider an
R-homomorphism ¢ : My & My @& M,, - N1 & No®---® N,. Then each x € M may be written
uniquely in the form X =21 +x3 + -+ + &y, (2; € M;). We may represent o(z) by

Y11 Y12 Pin Tl
P21 w22 Pan €2
Pmi ©m2 e Pmn Tn

where ¢;; € hompg(M;, N;) is the map M; E NPy N;. In particular, if M is a fixed R—module

and K = endg(M), then we have a ring homomorphism endz(M™) = M, (K).
Definition 5.7 We say that an R—module M # 0 is simple if it has no proper nontrival submodules.

Lemma 5.8 (Schur) Suppose that M and N are simple R—modules, and suppose that f € homg(M, N)
is nonzero. Then f is an isomorphism.Furthermore, endg (M) is a division ring.

Proof Since M and N are simple and f # 0, we have ker f = {0} and Im(f) = N, and so f is an
isomorphism. If M = N, then f is invertible in endr(M).

Definition 5.9 We say that an R—module M is semisimple if it is a direct sum of simple modules.

Lemma 5.10 Let M = }°,_; M; be a (not necessarily direct) sum of simple modules. Then 3 a

subset J of I such that M =, ; M;.
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Proof Let J C I be maximal such that ZjeJ M; is a direct sum. Then for any i, we have that
(>"jes M;) N M; = M; since J is maximal and M; is simple. Hence M =3, ; M; = @, ; M;.

Proposition 5.11 Suppose that M is an R—module. The following conditions are equivalent:
1. M is the sum of a family of simple modules.
2. M is the direct sum of a family of simple modules.

3. Every submodule N of M is a direct summand, i.e. 3 a submodule N’ of M such that
M=N®&N'.

Proof (1) implies (2) follows from Lemma 5.10. To show that (2) implies (3), suppose that
M = Ziel M;, where each M; is a simple submodule of M. Let J C I be maximal such that
the sum N + €, ; M; is direct. Then M; N (N + €D, ; M;) = M; for all i (arguing as in the proof
of Lemma 5.10), and so N + e, Mj = N & D;c; M; = M

To show that (3) implies (1), we claim taevery nonzero submodule of M contains a simple submod-
ule. To see why this is true, suppose that m € M with m # 0. Then R,, is a submodule of M.
Consider the map p : R — R,,, r — rm. Then kerp is contained in a maximal left ideal m of R.
Then m/ ker p is a maximal submodule of R/ ker p, and so mm is a maximal submodule of Rm. Using
(3), we may write M = mm & M’, where M’ is a submodule of M. Then Rm = mm & (M’ N Rm)
(since every x € Rm can be written uniquely in the form © = am + 2’ (a € m, 2’ € M’), and
' =x—am € M' N Rm). Now if mm is maximal in Rm, then M’ N Rm is a simple R—module, as
required. Now let My be the sum of all simple submodules of M. If My # M, then (3) implies that
M = My @ My, with My # 0. Then M; has a simple submodule, and this contradicts the definition
of My. Hence My = M, and so (3) implies (1).

Proposition 5.12 Every submodule and quotient module of a semisimple module M are semisim-
ple.

Proof Let N be a submodule of M, and let Ny be the sum of all simple submodules of N. Since M
is semisimple, we my write M = Ny & N/, by Proposition 5.11(3). If 2 € N, then 2 may be written
uniquely in the form z = x¢ + xf (xg € No, z( € N{). Since x, = © — x9 € N, we have zj, € N N N|.
Hence N = Ny @ (N N N{). This implies that N = Ny, i.e. N is semisimple.

To show this is true for quotient modules, since M is semisimple, we may write M = N & N’. Then
M/N ~ (N @& N')/N ~ N’, which is semisimple.

Definition 5.13 Suppose that M is a smismple R—module and set R’ = R'(M) := endg(M). Then
M is an R'—module via ¢ -2 = ¢(z) Vo € R', Vo € M. Each a € R induces an R'~homomorphism
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fo : M — M given by f,(z) = azx. Note that we have p(azx) = ap(z) Vo € R', « € R,z € M.
The ring R’ is called the commutant of R. Set R’ = R"(M) = endp/(M). Then R" is called the
bicommutant of R.

We have a homomorphism R — endg/ (M) = R"(M) =R", a— fa.

Observe If a € R, then « induces an R'—endomorphism f, : M — M, m — am of M. So
fa€endr/(m)=R'"=R'(M). R— endr/ (M), a— fq.

Question How large is the image of this map?

Lemma 5.14 Suppose that M is a semisimple R-modle. Let R’ = endgr(M). Suppose hat
f €endr/ (M) and x € M. Then Ja € R such that ax = f(z).

Proof Since M is semisimple, we have M = Rx @& N by Propsition 5.11 for some submodule N of
M. Let p: M — Rz be the projecton map. Then p € R’ and so f(z) = f(px) = pf(x). Hence
f(z) € Rz, as claimed.

Theorem 5.15 (Jacobson Density Theorem) Suppose that M is a semisimple R—module, and let
R’ =endr(M). Let f € endr/ (M) and z1,22, -+ ,2, € M. Then Ja € R such that az; = f(z;)
(1=1,2,---,n). If M is finitely generated over R’, then the natural map R — endp (M) is surjec-
tive.

Proof Suppose first that M is simples and define f(™ : M™ — M™ by (y1, v, ,yn) — (F(y1), fF(y2), -, Flyn)).
Set R!, = endr(M™). Then R), is the ring of n x n matrices over R’. Since f commutes with R’

when acting on M, it follows that (™) € endg, (M™). Thus Lemma 5.14 implies that Jo € R such

that (axq, axe, - ,axy,) = (f(x1), f(x2), -+, f(xn)), as required.

If M is not simple, then M is a finite direct sum of nonisomorphic simple modules M; with multiplic-
ities n;. M =M ®My@---® M, (with M; 22 M, if i # j). Now argue as before, using the fact that
the matrices representing end g (M) split according to blocks corresponding to nonisomorphic simple
components in the direct sum decomposition. If M is finitely generated over R’ by y1,92,  * , Ym
say, then any f € endgr/ (M) is determined by the values f(y1), f(y2), -+, f(¥m), and so the map
R — endp/ (M) is surjective.

Theorem 5.16 (Burnside) Let V' be a finite dimensional vector space over an algebraically closed
field k, and suppose that R is a subalgebra of endr(V). If V is a simple R—module, then R =
endR/(V).
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Proof We claim that R’ = endr (V) = k. To prove the claim, we note that certainly R’ is a division
ring (by Lemma 5.8) containing k as a subring and every element of k commutes with every element
of R'. suppose that & € R'. Then k(a) is a field. Also R’ C endy(V) is a k—vector space, and
so R’ is a finite dimensional k—vector space. Hence [k(z) : k] < oo implies that k(«) + k since k
is algebraically closed. This proves the claim. Now uppose that vy,vs, -+ v, is a k—basis of V,
and let A € endp/ (V) = end; (V). The Jacobson Density Theorem implies that Jo € R such that
av; = Av;, i=1,2,--- ,n. Hence R = endy (V) = endg/(V), as claimed.

Example We shall use the notation of Theorem 5.16. Suppose that G < GL(V). A G—invariant
subspace W of V is a subspace such that gW C W Vg € G. Say V is G—simple if it has no propoer
nontrivial G—invariant subspace. So if R = k[G] then V is G—simple iff V' is a simple R—module.
Hence Theorem 5.16 implies that if V' is G—simple, then k[G] = endy (V).

Definition 5.17 Let M be any R—module. We say that M is faithful if given a € R such that
axr =0Vr € M, we have a = 0.

Theorem 5.18 Let R be a ring, and suppose that M is a simple, faithful R—module. Let D =
endr(M) (so D is a division ring), and assume that M is finite dimensional over D. Then R =
endD (M)

Proof Let {vy,vs, -+ ,v,} be a basis of M overD, and suppose that A € endp(M). The Jacobson
Density Theorem implies that Ja € R such that av; = Av; Vi = 1,2,--- ,n. Thus the natural map
R — endp(M) is surjective. Since M is a faithful R—module, this homomorphism is also injective,
and this proves the result.

Example Suppose that R is a finite dimensional algebra over a field k. If a ring R has no non-
trivial proper 2-sided ideals, then any nonzero R—module M is faithful since the kernel of the map
R — endy (M) is a proper 2-sided ideal of R. If M is simple, then M is finite dimensional over k,
and D = endr(M) is a finite dimensional division algebra over k. To obtain a faithful R-module,
take e.g. M to be a minimal nontrivial left ideal of R (get this e.g. by taking a left ideal of minimal
nonzero dimension over k).

Corollary 5.19 Suppose that R is a finite dimensional algebra over an algebraically closed field k.
Let V be a finite dimensional k—vector space with a simple, faithful representation p : R — end (V).
Then p is an isomorphism, and so R ~ M, (k), where n = dimg (V).

Proof Wedderburn’s Theorem implies that R = endp(V'), where D = endg(V), is finite dimensional
over k. If & € D, then k(a) is a commutative subfield of D. Since k is algebraically closed (and D
is finite dimensional over k), this implies that k(a) = k. Hence D = k, as claimed.
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Example

1. Let G be a cyclic group of prime order p. Then QG ~ Q & Q((,), where (, € C, ¢, # 1, and
(P =1. Also, CG ~P}_, C.

2. Let G = Hy =<o,7|0*=1,0> =72, 0770 = 77!>. Then CG ~ @?:1 C o My (C).
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