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Chapter 1

Preliminaries

Question How can we tell whether a polynomial is irreducible?

Definition 1.1 Suppose that R is a unique factorization domain and k the field of fractions of R. If
f ∈ R[x], define the content c(f) of f by c(f) = gcd(the coefficients of f). (This is only defined up
to a unit factor.) If f ∈ k[x], then ∃d ∈ R such that df ∈ R[x]. Then define c(f) = c(df)/d. (This
is independent of d.)

Lemma 1.2 (Gauss) If f, g ∈ k[x], then c(fg) = c(f)c(g).

Proof It suffices to assume that f, g ∈ R[x]. Suppose that pis a prime in R not dividing c(f)c(g).
Set f(x) =

∑
i aix

i and g(x) =
∑

j bjx
j . Choose i and j minimal such that p - ai and p - bj . Then

the coefficient of xi+j in fg is not divisible by p, and so neither is c(fg). The proof now follows by
induction on the number of primes in the factorization of c(fg).

Corollary 1.3 Suppose that f is irreducible in R[x]. Then f is also irreducible in k[x].

Proof If f is irreducible in R[x] and is not constant, then c(f) = 1. Furthermore, if f = gh, with
g, h ∈ k[x] and deg g and deg h > 0, then Gauss’s Lemma implies that 1 = c(g)c(h). Thus

f =
g

c(g)
h

c(h)
,

which is a contradiction since f is irreducible. So for example to factor a polynomial with integer
coefficients over the rationals, it suffices to look only at factorizations with integer coefficients.

Theorem 1.4 (Eisenstein’s Criterion) Let p be a prime in a unique factorization domain R. Suppose
that f(x) = a0x

n + a1x
n−1 + · · · + an is a polynomial in R[x] such that p - a0, p | ai (i ≤ i ≤ n),

and p2 - an. Then f(x) is irreducible in k[x].
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Proof Set I = R/(p), so I is an integral domain. Suppose that f = gh and deg g = r (1 ≤ r < n).
Corollary 1.3 implies that we may assume that g, h ∈ R[x]. Let f̄ , ḡ, and h̄ be the polynomials
in I[x] obtained by reducing the coefficients of f, g, and h modulo p. So f̄ = ḡh̄, deg ḡ ≤ r, and
deg h̄ ≤ n − r. However, f̄ = ā0x

n, and so ḡ = αxr and h̄ = βxn−r for some α, β ∈ R (since I is
an integral domain). Thus ḡ(0) = h̄(0) = 0, i.e. p | g(0) and p | h(0), and so p2 | an, which is a
contradiction.

Theorem 1.5 For each n ≥ 1, let Φn(x) =
∏

ζ(x−ζ), where the product is over those ζ ∈ C of exact
multiplicative order n. Then Φn(x) is called the nth cyclotomic polynomial. Then Φn ∈ Z[x],
and Φn(x) is irreducible over Q.

Proof First observe that xn − 1 =
∏

d|n Φd(x) since these are monic polynomials with the same
distinct roots in C. So, if we assume by induction that Φd(x) ∈ Z[x] for d < n, then it follows first
that Φn(x) ∈ Q[x], and then, by Gauss’s Lemma, that Φn(x) ∈ Z[x]. Now suppose that f is a monic
irreducible factor of Φn(x); we wish to prove that f = Φn. We still have to prove that whenever ζ
is a root of f , then so is ζp for any prime p - n. Set xn − 1 = f(x)g(x). If ζp is not a root of f , then
it must be a root of g; in this case, ζ is a root of g(xp). Thus f(x) | g(xp), i.e. g(xp) = f(x)h(x),
say. Reducing all these polynomials modulo p and using ḡ(xp) = ḡ(x)p, etc. gives

xnp − 1 = (xn − 1)p = f̄(xp)ḡ(xp) = f̄(x)p+1h̄(x),

and so f̄(x)p+1 | (xn − 1)p. So if we factor xn − 1 in Fp[x], it has a square factor, F 2, say. Differ-
entiating, we deduce that F divides nxn−1. So xn − 1 and nxn−1 have a common factor, which is a
contradiction if p - n.

Recall For each field k, there is a homomorphism φ : Z → k given by φ(n) = 1 + 1 + · · · + 1 (k
times).

Definition 1.6 Suppose that L and K are fields with K ⊂ L. Then L is called an extension of
K, and we write L/K. The degree [L : K] of L over K is the dimension of L viewed as a K–vector
space.

Theorem 1.7 (The Tower Law) Suppose that M ⊃ L ⊃ K are three fields. Then [M : K] = [M :
L][L : K].

Proof (The equality means that if either [M : L] or [L : K] is infinite, then so is [M : K]; otherwise
[M : K] is finite and equal to [M : L][L : K].) If [M : L] or [L : K] is infinite, the result is plain. Let
x1, x2, · · · , xm denote a basis of L/K. Let y1, y2, · · · , yn denote a basis of M/L. So each element
of L has a unique expansion

∑m
i=1 xizi (zi ∈ K), and each element of M has a unique expression

of the form
∑n

j=1 yjwj (wj ∈ L). We claim that the set {xiyj | 1 ≤ i ≤ m, 1 ≤ j ≤ n} is a basis
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of M/K. For if t ∈ M , then t =
∑n

j=1 yjwj (wj ∈ L), and then wj =
∑m

i=1 xizij (zij ∈ K). So
t =

∑
i,j xiyjzij , with zij ∈ K. Since the wjs are unique and so are the zijs, the set of {xiyj} do

form a basis, as desired.

Definition 1.8 Suppose that C is a class of extensions L/K. Then C is said to be distinguished
if it satisfies the following conditions:

1. (Tower Property) Whenever M/L and L/K lie in C, then so does M/K.

2. (Lifting Property) If N ⊃ L ⊃ K and N ⊃M ⊃ K are two towers of fields and L/K lies in C,
then so does ML/M . (Here ML denotes the smallest subfield of N containing both M and L.)

M N

L ML

CC
CC

CC
CC

zz
zz

zz
zz

K M

DD
DD

DD
DD

L

{{
{{

{{
{{

K

Definition 1.9 Let L/K be an extension, and let α ∈ L. We denote by K(α) the smallest subfield
of L containing both K and α. (K(α)/K is a simple extension.) If [K(α) : K] < ∞, then α is
said to be algebraic. If [K(α) : K] = ∞, then α is said to be transcendental.

Theorem 1.10 If α is algebraic, then there is an irreducible polynomial f ∈ K[x] with f(α) = 0;
moreover, K(α) ' K[x]/(f). If α is transcendental, then K(α) ' K(x) (the field of factors of K[x]).

Proof Consider the homomorphism φ : K[x] → K(α) given by φ(g(x)) = g(α). If α is algebraic
with [K(α) : K] = n, say, then 1, α, α2, · · · , αn are linearly dependent over K. So kerφ =6= {0}. If
gh ∈ kerφ, then g(α)h(α) = 0. Hence either g ∈ kerφ or h ∈ kerφ, i.e. kerφ is a prime ideal. K[x]
is a principal ideal domain, and so kerφ = (f) for some irreducible polynomial f . kerφ is maximal,
so K[x]/(f) is a field. Hence φ induces a monomorphism φ̃ : K[x]/(f) → K(α). Since Im φ̃ is a
field containing both K and α, we hve Im φ̃ = K(α). If α is transcendental, then kerφ = {0}, so φ
extends to an isomorphism K(x) ∼→ K(α).

Definition 1.11 The monic polynomial f above is called the minimal polynomial of α over K.

4



Theorem 1.12 Let K be a field and f an irreducible polynomial in K[x]. Then ∃ an extension L
of K in which f has a root.

Proof Since f is irreducible, the quotient L = K[x]/(f) is a field. Identify K with its image in L
and let α be the image of x in L. Then f(α) = 0, as required.

Corollary 1.13 (To Theorem 1.10) Suppose that L and M are extensions of K containing roots α
and β, respectively, of f . Then there is an isomorphism σ : K(α) → K(β) such that σ |K= idK and
σ(α) = β.

Proof By Theorem 1.10, there are isomorphisms φ : K[x]/(f) and ψ : K[x]/(f) → K(β). Set
σ = ψφ−1.

Theorem 1.14 Let K be a field and f a polynomial in K[x]. Then there is an extension L of K in
which f factors completely (i.e. into linear factors).

Proof Exercise.

Definition 1.15 The field L above generated by K and the roots of f is called a splitting field of
f over K.

Example A splitting field over Q of x4 − 5. Let α ∈ R+ be such that α4 = 5, and let i ∈ C satisfy
i2 = −1. Then x4 − 5 = (x−α)(x+α)(x− iα)(x+ iα), and so x4 − 5 factors completely in Q(α, i).
Now x4−5 is irreducible over Q by Eisenstein, and so [Q(α) : Q] = 4. Also x2 +1 is irreducible over
Q(α) since i 6∈ R ⊇ Q(α), so [Q(α, i) : Q(α)] = 2. Hence [Q(α, i) : Q] = 8 by the Tower Law.

1.1 Ruler and Compass Constructions

Examples of constructions that one can carry out with a straightedge and compass are:

1. Bisecting an angle,

2. Dropping a perpendicular from a point to a line,

3. Drawing a line through a point parallel to a given line, and so dividing an interval into a given
ratio.

We begin with two distinct points P0 and P1 in the plane. We take P0 as the origin, and we take as
our first axis the line through P0 and P1 and as our second axis the line through P0 perpendicular
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to P0P1. Take P0P1 as our unit of distance, and think of each point in the plane as an element
(x, y) ∈ R× R.

Definition 1.16 A real number α is constructible if we can construct a line segment of length
|α| in a finite number of steps from P0P1 by using a straightedge and compass. Alternatively, we
say that a point P is constructible if ∃ a finite sequence P0, P1, · · · , Pn = P of points in the plane
with the following property: Let Sj = {P0, P1, · · · , Pj} for 1 ≤ j ≤ n. For each 2 ≤ j ≤ n, Pj is one
of the following:

1. The intersection of two distinct straight lines each joining two points of Sj−1,

2. A point of intersection of a straight line joining two points of Sj−1 and a circle with center a
point of Sj−1 and radius the distance between two points in Sj−1, or

3. A point of intersection of two distinct circles each with center a point of Sj−1 and radius the
distance between two points in Sj−1. (Note that the centers of these circles must be different
if the circles are to intersect.)

Theorem 1.17 If α and β are constructible, then so are α+ β, α− β, αβ, and α/β if β 6= 0.

Proof The only difficult cases are αβ and α/β. Let’s start with αβ:
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Construct OA with |OA| of length α. Construct a line l through O not containing OA. Find points
P and B on l with |OP | = 1 and |OB| = β. Draw PA, and construct l′ through B parallel to PA
and intersecting OA extended at Q. By similar triangles, we have

1
α

=
β

|OQ|
,

and so |OQ| = αβ.
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Construct OA of length α. Construct a line l through O not containing OA. Find B and P on
l such that |OB| = β and |OP | = 1. Draw BA, and construct l′ through P parallel to BA and
intersecting OA at Q. By similar triangles, we have

|OQ|
1

=
α

β
,
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i.e. |OQ| = α/β.

Corollary 1.18 The set of all constructible real numbers forms a subfield F of the real numbers.
We have Q ⊆ F since Q is the smallest subfield of R.

Theorem 1.19 If P = (x, y) is a constructible point, the extension Q(x, y)/Q is finite, and
[Q(x, y) : Q] = 2r for some r ∈ N.

Proof Since P is constructible, ∃ a sequence P0, P1, · · · , Pn = P of points satisfying the requirements
of the definition. Set Pj = (xj , yj), and for each 1 ≤ j ≤ n, set Fj = Q(x1, y1, x2, y2, · · · , xj , yj).
Then Fj+1 = Fj(xj+1, yj+1) for 0 ≤ j ≤ n − 1. We shall show that [Fj+1 : Fj ] = 1 or 2; then by
the Tower Law, [Fn : F0] = [Fn : Q] = 2s for some s. Now Q(x, y) = Q(xn, yn) is a subfield of
Fn containing Q. So applying the Tower Law again gives [Fn : Q(x, y)][Q(x, y) : Q] = 2s, whence
[Q(x, y) : Q] = 2r for some r. To show that [Fj+1 : Fj ] = 1 or 2,

1. If (a1, b1), (a2, b2) ∈ Sj , then the equation of the line joining these points is (x−a2)(b1− b2) =
(a1 − a2)(y − b2). So this has the form λx+ µy + γ = 0, with λ, µ, γ ∈ Fj .

2. The equation of the circle with center (a1, b1) and radius the distance between (a2, b2) and
(a3, b3) in Sj is (x − a1)2 + (y − b1)2 = (a2 − a3)2 + (b2 − b3)2; this has the form x2 + y2 +
2gx+ 2fy + c = 0, with f, g, c ∈ Fj . There are three cases to consider:

(a) (xj+1, yj+1) is the intersection of two distinct straight lines each joining two points of Sj .

(b) (sj+1, yj+1) is a point of intersection of an appropriate straight line and a circle.

(c) (xj+1, yj+1) is a point of intersection of two appropriate circles.

Exercise Show that in each case [Fj+1 : Fj ] = 1 or 2.

Theorem 1.20 “Squaring the circle” is impossible, i.e. it is not possible to construct a square equal
in area to the area of a circle of radius 1.

Proof The circle has an area of π, and so we would have to construct a square of side
√
π. So π

would have to be algebraic over Q of degree 2m for some m ≥ 0. But this is a contradiction since
Lindemann proved in 1882 that π is transcendental.

Theorem 1.21 “Duplicating the cube” is impossible, i.e. given a side of a cube, it is not always
possible to construct the side of another cube whose volume is twice that of the original cube.

Proof Suppose that the original cube has side 1. The cube being sought would have volume 2
and hence a side of 3

√
2. But 3

√
2 is a zero of the irreducible (over Q) polynomial x3 − 2. So

[Q( 3
√

2) : Q] = 3. So 3
√

2 is not constructible.
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Theorem 1.22 “Trisecting the angle” is impossible, i.e. ∃ an angle that cannot be trisected using
straightedge and compass.

Proof First observe that an angle θ can be constructed iff a line segment of length | cos θ| can be
constructed:

 
Set θ = 3β; then we must solve the equation cos 3β = cos θ = λ, say. Now cos 3β = 4 cos3 β = 3 cosβ.
So we must solve the equation 4 cos3 β − 3 cosβ = λ, i.e. 4x3 − 3x = λ. Now e.g. for λ = 1/2 (i.e.
θ = 60◦), the equation becomes (we put y = 2x) y3− 3y− 1 = 0. But this is irreducible over Q (put
y = z + 1 and apply Eisenstein).
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Chapter 2

Embeddings

Henceforth all extensions will be finite, unless otherwise specified. Throughout this chapter, L/k
will denote a fixed, sufficiently large extension, i.e. L contains all roots of various polynomials over
k. So L remains fixed, and for each extension K/k, we look at the k–embedding of K in L, i.e.
field homomorphisms σ : K → L such that σ |k= idk.

Lemma 2.1 Let K = k(α) be a simple extension of k with f the minimal polynomial of α over k
and α1, · · · , αr the distinct roots of f in L. Then there are precisely r k–embeddings σ1, σ2 · · · , σr

of K in L determined by σi(α) = αi, i = 1, 2, · · · , r.

Proof We have already shown that for each i = 1, 2, · · · , r, ∃ a k–embedding σi : K → L with
σi(α) = αi (Corollary 1.13). Recall that σi was constructed as follows:

K ' k(α) ' k[α]
(f(x))

' k(αi) ⊂ L.

Conversely, suppose that σ is a k–embedding of K in L. Then f(σα) = (σf)(α) = f(α) = 0 (as
the coefficients of f are unaffected by σ). Thus σα = αi for some i = 1, 2, · · · , r, and so σ = σi, as
required.

The following result is critical.

Theorem 2.2 (Artin’s Extension Theorem) Suppose that σ : k → M is a field isomorphism and
f is an irreducible polynomial in k[x] possessing a root α in an extension K. Then σf is an irre-
ducible polynomial in M [x], and if β is root of σf in an extension L of M , then ∃ an isomorphism
τ : k(α) →M(β) such that τ |k= σ and τ(α) = β.

Proof If σf were to factor in M [x] as gh, then we would have f = (σ−1g)(σ−1h), so σf is indeed
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irreducible. We now obtain τ by composing the following isomorphisms:

k(α) ' k[x]
(f)

σ→ M [x]
(σf)

'M(β).

Point Since we can “lift” an embedding to any simple extension, we can by induction embed any
extension.

Corollary 2.3 Let f ∈ k[α] and K and L be two splitting fields for f over k. Then there is a
k–isomorphism K → L.

Proof Let α1, α2, · · · , αn be the roots of f in K. Then each rung of the following ladder is obtained
by applying Artin’s Theorem to the previous rung:

K = k(α1, α2, · · · , αn) σ // L = k(β1, β2, · · · , βn)

k(α1, α2) // k(β1, β2)

k(α1) //

PPPPPPPPPPPPPP k(β1)

oooooooooooooo

k

Here β1, β2, · · · , βn denote the roots of f in L in some order.

Note The order of the roots β1, β2, · · · , βn may not be determined arbitrarily, e.g. if σα1 = β1,
then it follows that if g ∈ k[x] and g(α1) = 0, then g(β1) = 0, so α1 and β1 are roots of the same
irreducible factor of f .

Theorem 2.4 Let K/k be a finite extension. Then there are at most [K : k] k–embeddings of K in
L.

Proof If K = k(α) and α has minimal polynomial f , then each k–embedding of K in L corresponds
to a root of f in L, of which there are at most deg f = [K : k]. Now assume the result is true for all
extensions of smaller degree than [K : k]. Let M 6= K be an extension of k with [K : M ] minimal.
Then K = M(α), for some α and M , has at most [M : k] k–embeddings into L, and each of these
has at most [K : M ] extensions to K. Thus there are at most [K : k] embeddings in all.
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When is this bound attained?

If α ∈ K with minimal polynomial f over k, then we require f to have distinct roots (in some
extension of k). In this case, α (and f) are said to be separable over k.

Theorem 2.5 Let K/k be a separable extension. Then there are exactly [K : k] k–embeddings of
K in L. Conversely, if K/k is an extension for which there are [K : k] k–embeddings in L, then K/k
is separable.

Proof The result is clearly true if K/k is simple. Assuming that the result is true for extensions of
smaller degree, let M 6= K be such that [K : M ] is minimal, so K = M(α) for some α ∈ K. We
claim that α is separable over M . To prove this, note that if f is its minimal polynomial over k
and g is its minimal polynomial over M , then g | f , and so g also has distinct roots. Thus there
are [M : k] k–embeddings of M in L by assumption, and by Artin’s Law, each of these extends in
[K : M ] ways to embeddings of K in L; thus there are [K : M ][K : k] = [K : k] k–embeddings in all.

For the converse, first observe that if α ∈ K is inseparable over k, then there are no fewer than
[k(α) : k] embeddings of k(α) in L. By Theorem 2.4, each yields at most [K : k(α)] embeddings of
K in L, and so there are fewer than [K : k] in all. Hence each α ∈ R is separable over k.

Theorem 2.6 (The Primitive Element Theorem) Let K/k be a finite, separable extension. Then
K/k is simple.

Proof IfK is finite, thenK has a cyclic multiplicative group whose generator generates the extension
K/k. Suppose that k is infinite. By induction on the number of generators, it suffices to treat the case
K = k(α, β). Let n = [K : k] and σ1, σ2, · · · , σn be the distinct k–embeddings of K in L. Consider
a general element γ ∈ K. When is γ a primitive element? If σ1γ, σ2γ, · · · , σnγ are dictinct, then
[k(γ) : k] ≥ n, and so K = k(γ). Conversely, if K = k(γ), then σi is determined by σiγ, and so
σ1γ, σ2γ, · · · , σnγ are distinct. If we choose γ = α+ λβ, with λ ∈ k, we merely have to ensure that

σiα+ λσiβ 6= σjα+ λσjβ for i 6= j.

Since k is infinite, we can choose such a λ.

Note To find a primitive element, we construct σ1, σ2, · · · , σn and then find γ with σ1γ, σ2γ, · · · , σnγ
distinct.

Example Find all primitive elements of Q(
√

2,
√

3)/Q. Let L = C and K = Q(
√

2,
√

3), where√
2,
√

3 ∈ R+. Then x2 − 2 is irreducible over Q by Eisenstein; hence [Q(
√

2) : Q] = 2, and so ∃
two Q–embeddings σ1 and σ2 of Q(

√
2) into L given by σ1(

√
2) =

√
2 and σ2(

√
2) = −

√
2. Now

consider x2− 3. If this were reducible over Q(
√

2), then we would have a, b ∈ Q with
√

3 = a+ b
√

2.
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Then 3 = a2 + 2b2 + 2ab
√

2, and this implies that ab = 0, which is a contradiction. Hence x2 − 3 is
irreducible over Q(

√
2), and so it follows that [Q(

√
2,
√

3) : Q] = 4. There are 4 embeddings τ1, τ2, τ3,
and τ4 of K in L with τ1(

√
3) = τ3(

√
3) =

√
3, τ2(

√
3) = τ4(

√
3) = −

√
3, τ1(

√
2) = τ2(

√
2) =

√
2,

and τ3(
√

2) = τ4(
√

2) = −
√

2. So τ1 |Q(
√

2)= σ1.

Any element α ∈ Q(
√

2,
√

3) can be written uniquely in the form α = a+b
√

2+c
√

3+d
√

6 (see proof
of the Tower Law), and α is primitive iff τ1α, τ2α, τ3α, and τ4α are distinct. Now e.g. τ1α = τ2α if
c = d = 0. Show that α is primitive iff no two of b, c, and d are zero.

Theorem 2.7 Suppose that α1, α2, · · · , αn ∈ K are separable over k. Then k(α1, α2, · · · , αn)/k is
separable.

Proof Let m1 = [k(α1, α2, · · · , αi) : k(α1, α2, · · · , αi−1)] for i = 1, 2, · · · , n. So [k(α1, α2, · · · , αn) :
k] =

∏n
i=1mi. By applying Artin’s Theorem, we may construct each rung of the following ladder:

K = k(α1, α2, · · · , αn) // L = k(β1, β2, · · · , βn)

k(α1, α2) // k(β1, β2)

k(α1) //

PPPPPPPPPPPPPP k(β1)

oooooooooooooo

k

The (i− 1)st rung may be lifted in mi ways to the ith rung. Hence we may construct m1m2 · · ·mn

k–embeddings of k(α1, α2, · · · , αn) in L. Hence by Theorem 2.5, k(α1, α2, · · · , αn)/k is separable.

Corollary 2.8 Let K/k be an algebraic extension. Let S be the set of elements of K that are
separable over k. Then S is a field and is separable over k.

Proof Exercise.

Corollary 2.9 Separable extensions form a distinguished class.

Remark We may define differentiation in k[x] purely formally: if f(x) =
∑n

i=0 aix
i, then f ′(x) =∑n

i=1 iaix
i−1. If α is a double root of f in L, i.e. (x − α)2 | f(x), then (x − α) | f ′(x). So if f is

irreducible, then since deg f ′ < deg f , it follows that either f has distinct roots (in any extension)
or f ′ = 0. The latter happens only in positive characteristics.
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So inseparability can only occur in characteristic p, and in this case, if f is irreducible, then f is
inseparable iff f(x) ∈ k[xp].

Definition 2.10 Say that α is purely separable over k if its minimal polynomial f has all of its
roots equal to α. Say that K/k is purely inseparable if every element of K is purely inseparable.

Theorem 2.11 Let K/k, with char k = p. Then the following are equivalent:

1. K/k is purely inseparable.

2. K has just one k–embedding in L.

3. ∃n such that αpn ∈ k for each α ∈ K.

Proof We first show that (1) is equivalent to (2). Suppose that K/k is purely inseparable. Then if
L′ is any intermediate field, L′/k is purely inseparable. Moreover, if α ∈ K with minimal polynomial
f over k and g over L′, then g | f , and so all of the roots of g are equal. Thus K is purely inseparable
over L′. Thus (c.f. the proof of Theorem 2.5) Artin’s Extension Theorem implies that there is just
one k–embedding of K in L. Conversely, if K/k is not purely inseparable, say α ∈ K is not, then
there are at least two k–embeddings of k(α) in L. Artin’s Theorem implies hat we can life these two
disjoint k–embeddings of K in L. So (1) is equivalent to (2).

We now show that (3) implies (1). Suppose that αpn

= β ∈ k. Then α satisfies xpn − β = 0. Now
char k = p, and so xpn

= (x−α)pn

. So the minimal polynomial of α (which divides xpn −β) has all
of its roots equal to α.

Finally, we show that (1) implies (3). Suppose that α is purely inseparable over k. Then its minimal
polynomial f factors in k(α) as (x− α)m, say. Set m = pab with p - b. The coefficient of xpa

in f is(
pab

pa

)
(−α)pa(b−1) ∈ k.

Since p -
(
pab
pa

)
, we have αpa(b−1) ∈ k. Hence α satisfies xpa(b−1) − αpa(b−1) = 0, a polynomial of

smaller degree than f . Hence b = 1, m = pa, and αpa ∈ k. Now let α1, α2, · · · , αr be a k–basis of
K, and let n be such that αpi ∈ k for i = 1, 2, · · · , n. Then if α ∈ K, α =

∑r
i=1 xiαi, xi ∈ k, and so

αpn

=
r∑

i=1

xi
pn

αi
pn

∈ k.

Thus (1) implies (3).
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Chapter 3

The Fundamental Theorem of
Galois Theory

Throughout this chapter, K/k is a finite extension.

Let G be the group of k–automorphisms of k. The aim is to use information about G to deduce
information about K.

Example Let k = Q and K = Q( 3
√

2) ⊂ R. Any Q–automorphism σ of K satisfies {σ 3
√

2}3 = 2. But
the other cube roots of 2 lie outside R, so σ( 3

√
2) = 3

√
2, and hence σ = id. So we have distinguished

by G alone between k = Q and K = Q( 3
√

2).

The problem is that K is too small; it does not contain the other cube roots of 2. Take instead
K = Q( 3

√
2, ω), where ω2 + ω + 1 = 0, ω ∈ C. Then K has six Q–automorphisms (take K = L in

Theorem 2.5) because K is a “sufficiently large extension” in the previous sense.

Definition 3.1 An extension K/k is normal if, whenever L/K is an extension and σ is a k–
embedding of K in L, then σ(K) = K.

Theorem 3.2 Let K/k be a finite extension. Then the following are equivalent:

1. K/k is normal.

2. If α ∈ K has minimal polynomial f over k, then f factors completely in K.

3. K is the splitting field of some polynomial over k.

Proof First we shall show that (1) implies (2). To do this, let L be a splitting field for f over K,
and let β be any root of f in L. By Artin’s Theorem, there is a k–embedding σ of K in L such that
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σ(α) = β. Since σ(K) = K, β ∈ K, and f factors completely in K, as required.

Now we shall show that (2) implies (3). To do this, suppose that K/k is generated by α1, α2, · · · , αr,
with minimial polynomials f1, f2, · · · , fr (respectively). Let f = f1f2 · · · fr. Then f factors com-
pletely in K, and its roots generate K/k. Thus K is the splitting field for f over k.

Finally, we shall show that (3) implies (1). Suppose that K is the splitting field for f over k and
that f has roots α1, α2, · · · , αn in K. If σ is a k–embedding of K in L, then

f(σαj) = (σf)(αj) = f(αj) = 0.

So σαj = αi for some i. Since σ is one–to–one, it follows that σ permutes the set {α1, α2, · · · , αn}.
As these generate K/k, we have σ(K) = K.

Definition 3.3 An extension K/k which is both separable and normal is said to be Galois. The
group G of k–automorphisms of K is called the Galois group of K/k and is written Gal(K/k).
Theorem 2.5 implies that |G| = |K : k|.

Associated with any subgroup H of G is the subfield of K given by

Fix(H) = {x ∈ K : σx = x∀σ ∈ H}.

Associated with any intermediate field L (i.e. k ⊆ L ⊆ K) is a subgroup

Gal(K/L) = {σ ∈ G : σ |L= idL}.

Theorem 3.4 (The Fundamental Theorem of Galois Theory) Let K/k be a finite Galois extension
with Galois group G.

1. The maps I : H 7→ Fix(H) and J : L 7→ Gal(K/L) between subgroups of G and fields
intermediate between k and K are inverse bijections.

2. The maps I and J induce a correspondence between normal subgroups of G and normal
extensions of k (contained in K). If L/k is normal, with k ⊆ L ⊆ K, then Gal(L/k) ' G/(L).

3. I and J are lattice–preserving isomorphisms. This means

(a) H ⊂ K ′ iff I(H) ⊃ I(K ′).

(b) I(H ∩K ′) = I(H)I(K ′).

(c) I〈H,K ′〉 = I(H) ∩ I(K ′).

Proof
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1. First observe that clearlyH ⊂ (J◦I)(H) and L ⊂ (I◦J)(L) for eachH and L. So |(J◦I)(H)| ≥
|H|, and [K : L] ≥ [K : (I ◦ J)(L)]. Theorem 2.5 implies that |J(L)| = [K : L]. Theorem
2.4 implies that |H| ≤ [K : I(H)]. To establish the reverse inequality, we use the Primitive
Element Theorem. Let α be a primitive element for K/k. Consider the polynomial

f(x) =
∏
σ∈H

(x− σα).

If τ ∈ H, the map σ 7→ στ permutes the elements of H. Hence this map preserves f . So f has
coefficients in I(H) = Fix(H), and thus [K : I(H)] ≤ |H|, as required. So |H| = [K : I(H)].
Hence we have |(J ◦ I)(H)| = [K : I(H)] = |H| and [K : (J ◦ I)(L)] = |J(L)| = [K : L], so
J ◦ I and I ◦ J are both identity maps, as required.

2. Suppose first that H C G, x ∈ Fix(H), and τ ∈ G. For each σ ∈ H, we have στ(x) =
τ(τ−1στ)(x) = τ(x), so τ(x) ∈ Fix(H). Hence τ(Fix(H)) = Fix(H) for each τ(G), and so
Fix(H)/k is a normal extension. Conversely, suppose that L/k is normal and τ ∈ Gal(K/L).
If l ∈ L and σ ∈ G, then σ = m ∈ L. But

σ−1τσ(l) = σ−1τ(m) = σ−1(m) = l.

Hence σ−1τσ ∈ Gal(K/l), and so Gal(K/L) C G. The map σ 7→ σ |L induces the required
isomorphism.

3. Exercise, e.g.

I(H) ∩ I(K ′) = {x | σx = x for σ ∈ H ∪K ′}
= {x | σx = x for σ = 〈H,K ′〉}
= I〈H,K ′〉, etc.

Example Let K denote the splitting field of x4 − 2 over Q. Determine Gal(K/Q). Find all the
subfields of K and all inclusion relations between them, identifying which ones are normal over Q.

Let α ∈ R+ satisfy α4 = 2, and let i ∈ C satisfy i2 = −1. Since

x4 − 2 = (x− α)(x+ α)(x− iα)(x+ iα),

we have K = Q(α, i). Eisenstein implies that x4 − 2 is irreducible over Q, so [Q(α) : Q] = 4.
Moreover, i 6∈ R ⊃ Q(α), so [Q(α, i) : Q(α)] = 2, and hence [K : Q] = 8. Let X = {α,−α, iα,−iα}.
Then G = Gal(K/Q) permutes X, and |G| = 8. Let S be a square with vertices labelled by the
elements of X, and let D8 be the group of rigid motions of S:

iα

{
{

{
{

E
E

E
E

α

C
C

C
C −α

y
y

y
y

−iα
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If σ ∈ G, then σ(−α) = σα, so σ(−α) and σα are “opposite” one another. Thus G ⊂ D8, and so
G = D8, as |G| = |D8|.

Now D8 = 〈σ, τ〉, where σ is a rotation by π/2 and τ is a reflection in α,−α axis, and σ4 = τ2 = 1,
and τστ = σ−1. Thus σα = iα, σ(iα) = −α, τ(iα) = −iα, etc. In D8, σ and σ3 have order 4; other
elements have order 2.

{1}

jjjjjjjjjjjjjjjjjjj

vvvvvvvvv

GG
GG

GG
GG

G

SSSSSSSSSSSSSSSSSS

〈σ3τ〉

IIIIIIIII
〈στ〉 〈σ2〉

vv
vv

vv
vv

v

GGGGGGGG
〈τ〉 〈σ2τ〉

vv
vv

vv
vv

v

〈στ, σ2〉

III
III

III
I

〈σ〉 〈σ2, τ〉

vvvvvvvvv

G

Any subgroup of index 2 is normal, but only 〈σ2〉 of order 2 is. Some obvious subfields are Q(α),
Q(iα), Q(i), Q(α2), and Q(iα2) (α2 =

√
2, and iα2 =

√
−2). Now τα = α, so Q(α) ⊆ Fix(〈τ〉),

and they are in fact equal since their degrees over Q are. Similarly, Q(iα) = Fix(〈σ2〉) and Q(i) =
Fix(〈σ〉). Now if β ∈ K, then β + στβ ∈ Fix(〈στ〉). Hence Q(α + iα) = Fix(〈στ〉), for [K :
Q(α+iα)] ≤ 2, as we only need to adjoin i to Q(α+iα) to get K. Similarly, Q(α−iα) = Fix(〈σ3τ〉).

K

hhhhhhhhhhhhhhhhhhhhhhh

qqqqqqqqqqq

JJJJJJJJJJ

TTTTTTTTTTTTTTTTTTTT

Q(α− iα)

MMMMMMMMMMM
Q(α+ iα) Q(α2, i)

ssssssssss

HH
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HH
HH

H
Q(α) Q(iα)

ww
ww

ww
ww

w

Q(iα)2

LLLLLLLLLLL
Q(i) Q(α2)

uuuuuuuuuu

Q

Remarks

1. Always start with a fixed model for K (e.g. if K/Q is algebraic, take K in C). If the group
field is not Q, then you need to invent a particular model.

2. The first step is to calculate [K : Q]. This involves showing that that polynomial is irreducible.

3. You now know what |G| is and that G ≤ SX . Therefore, guess what G is, and then prove
it. (The only other ways are either to use Artin’s Theorem to build up sufficiently many
extensions or to use some more advanced group theory, e.g. Artin’s Theorem implies that
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∃σ ∈ G with σ(α) = iα and σ(i) = i. Also ∃ a complex conjugate τ . Thus |〈σ, τ〉| = 8 after
some computation.)

4. It’s not enough to say “The Gaois group is D8.” What is meant is “it is isomorphic to D8.”
A Galois group is a group of permutations of K. D8 = 〈σ, τ : σ4 = τ2 = 1, τστ = σ−1〉.
σ(α) = iα, σ(i) = i, τ(α) = α, and τ(i) = i. All other information can be deduced from this.

5. Use common sense and intelligent guesswork to compute fixed fields.

Example (Extensions with the Symmetric Group as Galois Group) Let k be any field, and set
E = k(x1, x2, · · · , xn), where the xis are independent indeterminants. Then E admits Sn as a group
of k–automorphisms. The fixed field F of Sn in E consists of all symmetric functions in the xis over
k. Let e1, e2, · · · , en be the elementary symmetric functions in the xis. Then k(e1, e2, · · · , en) ⊆ F ,
and the xis are the roots of the equation

n∏
i=1

(t− xi) = tn − e1t
n−1 + · · ·+ (−1)nen = 0.

Plainly, k is a splitting field of this equation over k(e1, e2, · · · , en). Hence [E : k(e1, e2, · · · , en)] = n!
since there are at least |Sn| = n! automorphisms of E/k(e1, e2, · · · , en). Hence F = k(e1, e2, · · · , en)
and [E : F ] = n!, Gal(E/F ) ' Sn. In particular,

1. Every symmetric function in x1, x2, · · · , xn is a rational function in e1, e2, · · · , en.

2. Every finite group occurs as the Galois group of some extension. (See Serre’s Topics in Galois
Theory.)
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Chapter 4

Solubility

1. Recall that a finite group G is soluble if there is a chain

{1} = G0 CG1 C · · ·CGn = G

of subgroups of G with Gi CGi+1 and Gi/Gi−1 is cyclic for i = 1, 2, · · · , n.

2. If H ≤ G and G is soluble, then H is soluble.

3. If H CG, then G is soluble iff H and G/H are soluble.

4. An abelian group is soluble.

Assume char k = 0.

Definition 4.1 An extension K/k is said to be soluble by radicals if there is a chain

k = K0 ⊂ K1 ⊂ · · · ⊂ Kn

of fields with K ⊆ Kn and elements αi and integers mi for i = 1, 2, · · · , n such that Ki = Ki−1(αi)
and αmi

i ∈ Ki−1. The extension Ki/Ki−1 is called a radical extension.

Definition 4.2 An extension K/k is soluble if, when L denotes the normal closure of K/k, then
the group Gal(L/k) is soluble.

We want to prove an important theorem, which states that an extension K/k is soluble iff K/k is
soluble by radicals.

Soluble groups are built up out of cyclic groups. Extensions soluble by radicals are built up out
of radical extensions. So we need to prove that radical extensions have cyclic Galois groups, and
conversely this is almost true.
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Lemma 4.3 Suppose that k(α)/k is an extension with αn ∈ k. Suppose further than k contains an
element of multiplicative order n. Then k(α)/k is Galois with cyclic group of order dividing n.

Proof Let ω ∈ k have multiplicative order n. Write β = αn ∈ k. Then xn − β factors in k(α) as∏n
i=1(x− ωiα), so k(α)/k is Galois with group G, say. If σ ∈ G, then σ(α) = ωiα for some i.

Let θ : G → Z/nZ denote the map σ 7→ i. Verify that σ is a monomorphism. If the nth roots of
unity are not already present, then we adjoin them; this does not affect solubility.

Lemma 4.4 Suppose that k is a field and K is the splitting field for xn − 1 over k. Then Gal(K/k)
is abelian.

Proof Let ω be a primitive nth root of unity in K. If σ ∈ Gal(K/k), then σω = ωr, with (r, n) = 1.
The map Φ : Gal(K/k) → (Z/nZ)× given by Φ(σ) = r is easily shown to be a monomorphism.

Lemma 4.5 (Linear Independence of Character) Suppose that G is any group, K is a field, and
ψ1, ψ2, · · · , φn are distinct multiplicative homomorphisms G→ K×. Then ψ1, ψ2, · · · , ψn is linearly
independent over K.

Proof Suppose that ∃α1, α2, · · · , αn ∈ K, not all zero, such that ∀g ∈ G, we have

α1ψ1(g) + α2ψ2(g) + · · ·+ αnψn(g) = 0. (∗)

We may assume that α1α2 6= 0. Let h be an element of G with ψ1(h) 6= ψ2(h). Replacing g by gh
in (∗), we obtain

α1ψ1(g)ψ1(h) + α2ψ2(g)ψ2(h) + · · ·+ αnψn(g)ψn(h) = 0. (∗∗)

Multiplying (∗) be ψ1(h) and subtracting (∗∗), we achieve a smaller nontrivial relation.

Now we shall show that a cyclic extension is radical.

Lemma 4.6 (Hilbert’s Theorem 90) Suppose that K/k is a Galois extension of degree n with cyclic
Galois group. Suppose further that k contains all nth roots of unity. Then ∃α ∈ K such that
k = k(α) and αn ∈ k.

Proof Suppose that Gal(K/k) = 〈σ〉 and let ω ∈ k be a primitive nth root of unity. It suf-
fices to find a nonzero element α ∈ K with σα = ωα. For then, σαn = (ωα)n = αn, so
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αn ∈ Fix〈σ〉 = k, whilst α, σα, · · · , σn−1α are distinct, and so K = k(α). If β is any element
of K, then α = β + ω−1σ(β) + · · · + ω1−nσn−1(β) satisfies σα = ωα. Lemma 4.5 (with G = K×)
implies that there is some β for which α does not vanish.

Theorem 4.7 An extension K/k is soluble iff K/k is soluble by radicals.

Proof Suppose first that K/k is soluble. Let L be a normal closure of K and set n = [L : k].
Adjoin a primitive nth root of unity ω to L, so L(ω)/k is Galois with group G, say. Suppose that
L = Fix(A) and k(ω) = Fix(B). So we have the following diagram:

L(ω)

||
||

||
||

FFFFFFFF
{1}

~~
~~

~~
~~

@@
@@

@@
@@

L

CC
CC

CC
CC

C k(ω)

wwwwwwwww
A

AA
AA

AA
AA

B

}}
}}

}}
}}

k G

Fix {1} = L(ω) = Fix(A)Fix(B), and so A ∩ B = {1} (part (i) of Theorem 3.4). So A ∩ B = {1},
A C G, and B C G. Hence B is isomorphic to a subgroup of G/A = Gal(L/k), which is soluble by
assumption. Thus ∃ a chain of subgroups {1} = B0CB1C · · ·CBn = B, with each Bi/Bi−1 cyclic.
Thus we obtain a chain of fields

k ⊆ k(ω) = Fix(B) ⊆ Fix(= Bm−1) ⊆ · · · ⊆ Fix(B0) = L(ω).

By Hilbert’s Theorem 90 (since |B| | n), ∃αi ∈ Fix(Bi−1 with Fix(Bi−1) = Fix(Bi)(αi) and
αmi

i ∈ Fix(Bi), with mi = [Bi :i−1]. So K/k is soluble by radicals, as required.

Suppose conversely that K/k is soluble by radicals. So ∃ a chain

k = K0 ⊂ K1 ⊂ · · · ⊂ Km = E,

with Ki = Ki−1(αi), αmi
i ∈ Ki−1 and E ⊇ K. Let n =

∏m
i=1mi, L be a normal closure of E/k, and

ω be a primitive nth root of unity, which we can join to L. Then L(ω)/k is Gaois, with group G,
say.

We can reach L(ω from k(ω by a series of radical extensions as follows: Let 1 = σ1, σ2, · · · , σr denote
the elements of G. Then each step of the tower below is made up of radical steps:

Fs−1 ⊂ Fs−1(σsα1) ⊂ Fs−1(σsα1, σsα2) ⊂ · · · ⊂ Fs−1(σsα1, σsα2, · · · , σsαn) = Fs.

Let the complete tower be denoted by

k ⊆ k(ω) ⊂ L1 ⊂ L2 ⊂ · · · ⊂ Lt = L(ω),

where Li = Li−1(βi), βni
i ∈ Li−1 for some ni | n. By Lemma 4.3, it follows that each Li/Li−1 is

a Galois extension with cyclic Galois group. Converting this tower into subgroups of G, we deduce
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that G is soluble and thus that Gal(L/k) is soluble, as required.

Example (The Quadratic Equation) Let f(x) = x2 + bx+ c. Then the roots of f are given by

−b±
√
b2 − 4c

2
.

There are no roots of unity to adjoin, as x2 − 1 already splits. So K is a splitting field for f over
k. Hence K/k is Galois of degree 1 or 2. Suppose that [K : k] = 2 and G = 〈σ〉 = Gal(K/k). Via
Hilbert’s Theorem 90, we look at α = β − σβ for β ∈ K. Thus σα = −α, so α2 ∈ k. Thus if β1 and
β2 are the roots of f , then α = β1 − β2 satisfies

α2 = (β1 − β2)2 − 4β1β2 = b2 − 4c.

Since β1 + β2 = −b, we obtain the solution.

Example (The General Cubic Equation) Let f(x) = x3 + ax2 + bx + c. Adjoin ω to k, where
ω2 +ω+1 = 0, so ω is a primitive cube root of unity. The Galois group of f over k(ω) is a subgroup
of S3 with composition series {1}C A3 C S3. If β1, β2, and β3 are the roots of f , then we consider
α1 = β1 + ω2β2 + ωβ3 and α2 = β1 + ωβ2 + ω2β3. Then α3

1 + α3
2 and α3

1α
3
2 are invariant under S3

and so lie in k(ω). Hence we obtain a formula for α1 and α2, and so from the above together with
the fact β1 + β2 + β3 = −a, we get the cubic equation.

Example (The General Quartic Equation) Let f(x) = x4+ax3+bx2+cx+d. Suppose that the roots
are β1, β2, β3, and β4. Observe that if α1 = β1β2 + β3β4, α2 = β1β3 + β2β4, and α3 = β1β4 + β2β3,
then α1, α2, and α3 are permuted by S4. Thus α1, α2, and α3 are the roots of some cubic which
may be determined.

What happens in charactaristic p > 0? First observe that a cyclic Galois extension of degree p
cannot be of the form k(α1/p)/k, since this is purely inseparable.

Lemma 4.8 Suppose that char k = p > 0.

1. If K/k is a Galois extension of degree p, then ∃α ∈ K such that K = k(α) and α2p− α ∈ k.

2. Conversely, for each a ∈ k, consider the polynomial xp − x − a. Either it has a root in k, in
which case all the roots are in k, or it is irreducible over k. In the latter case, if α is a root,
then k(α)/k is a Galois extension of degree p.

Proof Suppose that we find α ∈ K such that σα = α+ 1. Then

σ(αp − α) = (σα)p − σα = αp − α.

So αp − α ∈ k, as required. Furthermore, since α 6∈ k, K = k(α). Choose

γ = −β − 2σβ − · · · − (p− 1)σp−2β.
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Then
σγ − γ = β + σβ + · · ·+ σp−1β = δ ∈ k.

Linear independence of characters implies that ∃β ∈ K with δ 6= 0. Set α = γ/δ.

Conversely, consider the polynomial f(x) = xp − x− a. If α ∈ k is a root, then f(x) factors as

f(x) =
p∏

i=1

(x− α− i).

On the other hand, if f has no roots in k, let K = k(α). Then f factors in K with Galois group G,
say. If σ ∈ G, σα = α+ r, say (r 6= 0). Then σ has order p. So |G| ≥ p, f is irreducible over k, and
|G| = p.

Definition 4.9 An extension K of a field k of char p > 0 is said to be soluble by radicals if K/k
is separable and there is a chain

k = K0 ⊂ K1 ⊂ · · · ⊂ Km

of fields with Km ⊃ K such that for each i, ∃ an element αi ∈ Li with Ki = Ki−1(αi) and either
αmi ∈ Ki−1 with p - mi or αp

i − αi ∈ Ki−1.

Theorem 4.10 Let K/k be a finite separable extension with char k = p > 0. Then K/k is soluble
by radicals iff K/k is soluble.

Proof Exercise.
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Chapter 5

Miscellanea

5.1 Finite Fields

Theorem 5.1 Let K be a finite field. Then the multiplicative group K× is cyclic.

Proof Let m = |K×|= p1
r1p2

r2 · · · ps
rs be the decomposition into primes. For each i, ∃x ∈ K with

xm/pi 6= 1 (since xn − 1 has at most n roots for any n). So xi = xm/pi
ri has order pri

i . We claim
that y = x1x2 · · ·xs has order m. Suppose not. Then y has order t with t | m, so some pi | m

t . Then
1 = ym/pi = xi

m/pi , which is a contradiction. Hence y has order m, and K× is cyclic.

Theorem 5.2 Suppose that K is a finite field of order q. Then q is a power of some prime, say
q = pn, and K is a splitting field over Fp of xq − x. Moreover, K/Fp is Galois of order n with cyclic
Galois group generated by σ : x 7→ xp. Conversely, for each integer n, ∃ a field of order pn.

Proof Let p = char K. So Fp ⊆ K, and [K : Fp] = n. If x1, x2, · · · , xn are an Fp–basis of K,
then every element of K can be written uniquely in the form

∑n
i=1 λixi, λi ∈ Fp. Hence q = pn, as

asserted. If 0 6= x ∈ K, then xq = 1, and so every x ∈ K satisfies xq = x. Hence K is a splitting
field for xq − x over Fp.

The map σ : x 7→ xp is an automorphism of K fixing Fp, and σn = 1. If σm = 1, then xpm

= x
∀x ∈ K. So pm ≥ |K| = q. Thus σ has order n, and 〈σ〉 = Gal(K/Fp. Finally, for each n ∈ N, let
L be a splitting field of xpn − x in L. Verify that S forms a field, and since the roots are distinct,
|S| = pn, as required.

Notation We write L = Fq, and σ is the Frobenius automorhpism.
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5.2 Transcendental Extensions

Definition 5.3 Suppose that K/k is an extension (not necessarily finite). A set S in K is alge-
braically independent over k if whenever x1, x2, · · · , xn ∈ S and f ∈ k[x1, x2, · · · , xn] satisfies
f(x1, x2, · · · , xn) ∈ S and f ∈ k[x1, x2, · · · , xn] satisfies f(x1, x2, · · · , xn) = 0, then f = 0. In this
case, the field k(s) is isomorphic to the field of fractions of the ring k[xs : s ∈ S] of polynomials over
k is |S| indeterminates.

Definition 5.4 A set S is called a transcendence basis of K/k if S is algebraically independent
over k and K/k(S) is algebraic.

Theorem 5.5 Suppose that S and T are transcendence bases of K/k and S is finite. Then T is
finite, and |S| = |T |.

Proof Suppose that |T | > |S| = n and T ⊃ {x1, x2, · · · , xn}. Let S = {y1, y2, · · · , yn}. We still
have to prove that {x1, x2, · · · , xn} forms a transcendence basis. Now x1 is algebraic over k(S), so
∃ a polynomial 0 6= f ∈ k[x1, y1, y2, · · · , yn] with f(x1, y1, y2, · · · , yn) = 0. Now x1 is transcendental
overk, so f involves some y, say y1. Then y1 is algebraic over k(x1, y2, y3, · · · , yn), so K is also.
Also, x1, y2, y3, · · · , yn are algebraically independent because otherwise x1 would be algebraic over
y2, y3, · · · , yn, and so y1 would be also. Hence x1, y2, y3, · · · , yn is a transcendence basis of K/k.
Repeating this argument, we deduce that x1, x2, · · · , xn is a transcendence basis, as required.

Notation We write [K : k]tr = |S| if |S| < ∞, otherwise [K : k]tr = ∞. If K/k is algebraic, then
S = ∅, and we write [K : k]tr = 0.

Theorem 5.6 Suppose that L/k and K/k are two extensions. Then [L : k]tr = [L : K]tr +[K : k]tr.

Proof If either [LK ]tr or [K : k]tr = ∞, then plainly [L : k]tr = ∞. So suppose that x1, x2, · · · , xn

is a transcendence basis for L/K and y1, y2, · · · , ym is a transcendence basis for K/k. We still
have to prove that x1, x2, · · · , xn, y1, y2, · · · , ym is a transcendence basis of L/k. We have that
L/K(x1, x2, · · · , xn) and K/k(y1, y2, · · · , ym) are algebraic. Hence

K(x1, x2, · · · , xn)/k(x1, x2, · · · , xn, y1, y2, · · · , ym)

is algebraic, and therefore so is L/k(x1, x2, · · · , xn, y1, y2, · · · , ym).

Now suppose that f ∈ k[x1, x2, · · · , xn, y1, y2, · · · , ym], with f(x1, x2, · · · , xn, y1, y2, · · · , ym) = 0.
Write

f =
∑

r
∼

fr
∼
xr1

1 x
r2
2 · · ·xrn

n ,
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with fr
∼
∈ k[y1, y2, · · · , ym]. Since fr

∼
(y1, y2, · · · , ym) ∈ K and x1, x2, · · · , xn are algebraically in-

dependent over K, it follows that fr
∼
(y1, y2, · · · , ym) = 0 ∀r

∼
. Since y1, y2, · · · , ym are algebraically

independent over k, it follows that fr
∼

= 0 for each r
∼
, whence f = 0, as required.

5.3 Algebraic Closures

Definition 5.7 If k is a field, then an algebraic closure K of k is a field which is algebraically
closed and has the property that K/k is algebraic. Observe that if L is algebraically closed and
k ⊆ L, then the set X of elements in L algebraic over k forms an algebraic closure of k.

Theorem 5.8 Let k be a field. Then k has an algebraic closure.

Proof Let S be the set of monic irreducible polynomials over k in a variable x. Let R be the ring
of polynomials in the variables {1/f : f ∈ S} over k. Let I be the ideal in R generated by the
polynomials f(1/f). We claim that I 6= R. Otherwise, ∃f1, f2, · · · , fn ∈ S and g1, g2, · · · , gn ∈ R
with g1f1(Y1) + g2f2(Y2) + · · ·+ gnfn(Yn) = 1 as an identity in the indeterminates {Yf}.

If L is a splitting field for f1(X)f2(X) · · · fn(X), then we may substitute Yfi
= αi, whence fi(αi) = 0

and obtain a contradiction. Thus I is a proper ideal of R, and so (by Zorn’s Lemma) it is contained
in some maximal ideal M .

Let K = R/M . Then K contains a copy of k as the constant polynomials. If f is any irreducible
polynomial over k, then f([Yf ]) = 0 in K, so f has a root in K. Also, K/k is algebraic, as it
is generated by {[Yf ] : f ∈ S}. Repeat the above to construct extension fields K = K1,K2, · · ·
successively so that Ki/Ki−1 is algebraic, and each polynomial in Ki−1[X] has a root in Ki. Let
L =

⋃∞
i=1Ki. Then L is a field, L/k is algebraic, and any polynomial in L[X] has a root in L. Thus

L is an algebraic closure of K.

Theorem 5.9 Suppose that i : K1 → K2 is a monomorphism, that L/K1 is algebraic, and that K2

is algebraically closed. Then ∃ a monomorphism j : L→ K2 so that j |K1= i.

Picture
L

j

!!C
C

C
C

K1

OO

i
// K2
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Proof Let

S =

{
(M, θ) : M is a field with K1 ⊆M ⊂ L

θ : M → K2 is an embedding with θ |K1= i.

Partially order S by setting (M1, θ1) ≤ (M2, θ2) if M1 ⊆ M2 and θ2 |M1= θ1. If C is a chain in S,
let N =

⋃
{M : (M, θ) ∈ C}. If n ∈ N , then n ∈ M for some (M, θ) ∈ C. Set φ(n) = θ(n). Verofy

that φ is well–defined, φ : N → K2 is an embedding, and (N,φ) is an upper bound of C. Then
Zorn’s Lemma implies that S has a maximal element, (M, θ), say. We claim that M = L. If not,
∃α ∈ L \M . Then α is algebraic over M . Let f(x) be the minimal polynomial of α over M . Then
θ(f) splits over K2 (since K2 is algebraically closed). Let

θ(f) = (x− β1)(x− β2) · · · (x− βn).

Then Artin’s Theorem implies that ∃ a monomorphism θi : M(α) → K2 with θ(α1) = β1 and
θ1 |M θ, which is a contradiction since (M, θ) is maximal.

Theorem 5.10 Suppose that L1 and L2 are two algebraic closures of K, with i1 : K → L1 and
i2 : K → L2. Then ∃ an isomorphism j : L1

∼→ L2 such that i2 = ji1.

Proof Theorem 5.9 implies that ∃ a monomorphism j : L1 → L2 such that i2 = ji1.

L1
j // L2

K

i1
``AAAAAAAA i2

>>}}}}}}}}

If f ∈ K[x] is irreducible over K, then i1(f) splits over L1, and so i2(f) splits over j(L1). Since
j(L1)/K is algebraic, it follows that j(L1) is an algebraic closure of K. Since L2/K is algebraic,
L2/j(L1) is also algebraic. Thus L2 = j(L1). (Show this.)
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Chapter 6

KG–Modules and Their
Representations

Definition 6.1 Let K be a field and G a group. A K–vector space V is called a KG–module (and
we say that that G acts on V ) if there is a given map G× V → V such that

1. For each g ∈ G, the map g 7→ g(v) is linear.

2. 1(v) = v ∀v ∈ V .

3. (g1g2)(v) = g1(g2v) ∀v ∈ V ∀g1, g2 ∈ G.

Proposition 6.2

1. Let V be a KG–module, and for g ∈ G, let ρ(g) be the map v 7→ g(v). Then ρ(g) ∈ GL(V )
(GL(V ) is group of invertible linear maps on V ), and the map ρ : g 7→ ρ(g) is a homomorphism.

2. Conversely, if ρ : G→ GL(V ) is a homomorphism, write g(v) = ρ(g)(v) for each v ∈ V , g ∈ G.
Then V becomes a KG–module.

Proof Easy exercise.

Definition 6.3 A K–linear representation of G is a homomorphism ρ : G → GL(V ), where V
is a K–vector space. If dimV is finite, then dimV is the degree of ρ.

Motivation

1. (Group Theoretic) To study arbitrary G, seek some familiar group so that ∃ many homomor-
phisms from G to these groups. These homomorphisms are called representations of G.

(a) For example, homomorphisms into Sn are permutation representations.
(b) Linear groups GL(V ) linear representations.

The advantage of (b) is that we can bring linear algebra to bear on purely group theoretic
problems. For example,

30



i. Burnside’s pαqβ Theorem (every group of group of order pαqβ , where p and q are
primes, is soluble) was proven using representation theory in 1912, and a purely group
theoretic proof was not found until 1972.

ii. We can get useful information about a character table of a finite group using repre-
sentation theory.

There are lots of applications elsewhere in math and physics.

The study of linear representations of a finite group is equivalent to the study of matrix representa-
tions.

Definition 6.4 A matrix representation of G is a homomorphism G→ GLn(K).

1. If ρ : G → GL(V ) is a linear representation of G of degree n, then we obtain a matrix
representation θ : G→ GLn(V ) by choosing a K–basis of V .

2. Conversely, given a matrix representation θ : G → GLn(K), let GLn(K) act on Kn (column
vectors). Then Kn becomes a KG–module.

Examples

1. Given a K–vector space V and a group G, define g(v) = v ∀g ∈ G, v ∈ V . Then V is a
KG–module corresponding to the trivial homomorphism ρ with ρ(g) = 1 ∀g ∈ G.

2. Representations of degree 1: If ρ has degree 1, then each ρ(g) is multiplication by some scalar
λg ∈ K \ {0}. ρ is a homomorphism

ρ : G→ K×

g 7→ λg.

(a)
G = Sn

ε : Sn → {±1} is the signature representation.

Then ε is a representation of degree 1 (over C, say).

(b) If G is a group of invertible n × n matrices, then det : G → K× is a representation of
degree 1.

(c) |G| = n, G = 〈t〉. Define ρ(tr) = exp(2πir/n), so ρ : G→ S1.

3. Let V be a 2–dimensional K–vector space with basis {e1, e2}. Suppose that G is infinite,
G = 〈t〉. Define ρ(tr)e1 = e1 + re2 and ρ(tr)e2 = e2. Then the matrix representation is

rr 7→
(

1 r
0 1

)
.
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4. Let X be a finite set and π : G → SX a homomorphism. Let V be a K–vector space with
basis elements in one–to–one correspondence with those of X under the map x 7→ x∗ (x ∈ X).
Define π̂ : G→ GL(V ) by specifyingthe action of G on a basis

π̂(g)(x∗) = {π(g)x}∗.

Then V becomes a KG–module.

Definition 6.5 A KG–submodule of G–invariant subspace of a KG–module V is a sugbspace
W such that g(w) ∈W ∀w ∈W, g ∈ G.

Let V1 and V2 be KG–modules with corresponding representations ρ1 and ρ2. A map f : V1 → V2

is a KG–(module) homomorphism iff

1. f is linear.

2. g(f(v)) = f(g(v)) ∀v ∈ V, g ∈ g, i.e. ρ2(g)(f(v)) = f(ρ1(g)v), i.e. ρ2(g)◦f = f ◦ρ1(g) ∀g ∈ G.

Definition 6.6 Representations ρ1 : G→ GL(V1) and ρ2 : G→ GL(V2) are equivalent iff V1 and
V2 are isomorphic as KG–modules.

Proposition 6.7

1. If f : V1 → V2 is an isomorphism of a finite dimensional vector space, and B1 = {e1, e2, · · · , en}
is a basis of V1, then B2 = {f(e1), f(e2), · · · , f(en)} is a basis of V2, and

[fαf−1]B2 = [α]B1

for each endomorphism α of V1.

2. Tw finite dimensional representations ρ1 : G → GL(V1) and ρ2 : G → GL(V2) are equivalent
iff they give the same matrix representations g 7→ [ρ1(g)]B1 and g 7→ [ρ2(g)]B2 for suitable
choices of bases B1 and B2.

Proof Exercise in linear algebra.

Definition 6.8 A KG–module V is irreducible if V 6= 0 and V has no submodules except V and
{0}.

6.1 Schur’s Lemma and Maschke’s Theorem

Theorem 6.9 (Schur’s Lemma)
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1. If U and V are irreducible KG–modules, and f : U → V is a KG–homomorphism, then either
f = 0 or f is an isomorphism.

2. If U is an irreducible KG–module with dimU finite and K is algebraically closed, then any
KG–homomorphism f : U → U is a multiple of the identity.

Proof

1. Assume that f 6= 0. Then ker f is a KG–submodule of U , so ker f = {0}. The image of f is a
KG–submodule of V , so Im f = V .

2. Since K is algebraically closed, f has an eigenvalue λ, say. The map f − λ1U is also a KG–
homomorphism with nontrivial kernel. So f − λ1U = 0.

Remark Let U be any finite dimensional KG–module. The set homKG(U,U) of KG–module maps
U → V is a subspace and subring of the space homK(U,U) of K–linear maps U → U . If U
is irreducible, then each nonzero element of homKG(U,U) has an inverse, by Schur’s Lemma. So
homKG(U,U) is a division ring. If K is algebraically closed, then only division ring finite dimensional
as a K–vector space is K. Hence Theorem 6.9(2). If K = R, the division rings finite dimensional
over R are R, C, and H.

Corollary 6.10 If G is abelian and K is algebraically closed, then each irreducible finite dimensional
KG–module V has dimension 1. So the irreducible representations of G are the elements of the set
hom(G,K×).

Proof If G is abelian, then g(h(v)) = h(g(v)) ∀v ∈ V, g, h ∈ G, and so each map v 7→ h(v) is a
KG–homomorphism. This implies that each map v 7→ h(v) is a scalar multiplication by Theorem
6.9(2). So every K–subspace is a KG–submodule, whence it follows that dimV = 1 since V is
irreducible.

Definition 6.11 A KG–submodule is said to be completely irreducible if it is a direct sum of
irreducible modules.

Proposition 6.12 The following conditions are equivalent for a finite dimensional KG–module in
V .

1. V is a direct sum of irreducible modules.

2. V is a sum (not necessarily direct) of irreducible modules.

3. For each submodule U of V , there is a submodule W of V with V = U ⊕W .

Proof It is clear that (1) implies (2). To show that (2) implies (3), we use induction on m =
dimV −dimU . m = 0 works. If U ⊂ V , there is an irreducible submodule M of V such that M * U .
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Now M∩U is a submodule of M , so M∩U = 0 and M+U = M⊕U . But dimV = dim(M⊕U) < m,
so ∃ a submodule W such that V = (U ⊕M)⊕W1 = U ⊕ (M ⊕W1).

To show that (3) implies (1), first observe that if V satisfies (3), so does each submodule V . If U1 is
a submodule of V1, then there is a submodule W of V such that V = U1⊕W . So V1 = U1⊕(W ∩V1)
since U1 ≤ V1. Now suppose that V satisfies (3). We prove (1) by induction on dimV . If V = 0
or V is irreducible, then (1) holds. Otherwise ∃ a submodule U of V with 0 < U < V , and
so by (3), ∃ a submodule W withV = U⊕. By induction, since U and W satisfy (3), we have
U = U1 ⊕ U2 ⊕ · · · ⊕ Ur and W = W1 ⊕ W2 ⊕ · · · ⊕ Ws, with each Ui and Wj irreducible. So
V = U1 ⊕ U2 ⊕ · · · ⊕ Ur ⊕W1 ⊕W2 ⊕ · · · ⊕Ws.

Note The expression of a completely reducible module as a direct sum of irreducible submodules is
rarely unique, e.g. take G = 1. Then any expression of V as a direct sum of 1–dimensional subspaces
qualifies.

Proposition 6.13 Let V = U1 ⊕ U2 ⊕ · · · ⊕ Ur = U ′1 ⊕ U ′2 ⊕ · · · ⊕ U ′s be two decompositions of a
finite dimensional KG–module V as a direct sum of irreducible submodules.

1. For any irreducible KG–module X, the direct sum W of the Uis isomorphic to X equals the
direct sum W ′ of the U ′js isomorphic to X.

2. For each irreducibleX, the number of Uis isomorphic toX equals the number of U ′js isomorphic
to X.

3. r = s.

Proof

1. Suppose that Ui ' X. For each j, consider the map

Ui ↪→
incl

V →
proj

U ′j .

By Schur’s Lemma, this is 0 unless U ′j ' X. So Ui has nonzero projection only into the U ′j
with U ′j ' X, so Ui ≤W ′. Hence W ≤W ′. Similarly, W ′ ≤W .

2. Observes that dimW = (dimX)× (number of Uj ' X).

3. Take the sum of (2) over all relevant X.

Theorem 6.14 (Maschke’s Theorem) Let G be a finite group, and let K be a field of characteristic
zero or characteristic prime to |G|. If V is a finite dimensional KG–module and U is a submodule
of V , then there is a submodule W of V such that V = U ⊕W . So every KG–module is completely
reducible.
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Proof Take a linear map θ : V → U such that θ(u) = u ∀u ∈ U . (Extend a basis of U to a basis of
V .) Define φ : V → U by

φ(v) =
1
|G|

∑
g∈G

(gθg−1)(v).

(Division by |G| is possible, as the image of |G| in K is nonzero.) Each gθg−1 is linear, so φ is
linear. Im φ ≤ U since Im θ ≤ U and U is a KG–submodule of V . Observe that if u ∈ U , then
g−1(u) ∈ U , and so θ(g−1(u)) = g−1(u), and so (gθg−1)(u) = u. So if u ∈ U , then φ(u) = u ∈ U .
Hence Im φ = U . Since kerφ∩U = 0, we have V = U ⊕ kerφ. But φ is a KG–homomorphism, and
so kerφ is a KG–submodule of V .

h(φ(v)) =
1
|G|

∑
g∈G

h(gθg−1)(v) =
1
|G|

∑
g∈G

(hg)θ(hg)−1(hv) = φ(h(v))

for all h ∈ G.

Corollary 6.15 If f : V →W is a linear map, where V and W are KG–modules, then f̂ is defined
by

f̂ =
∑
g∈G

gfg−1

is a KG–homomorphism.

Example Let K be a field and V a K–vector space of dimension 2 with basis {e1, e2}. Let t be the
map defined by (

1 0
1 1

)
(so e1 7→ e1 + e2 and e2 7→ e2). For each n ∈ Z, tn has matrix(

1 0
n 1

)
.

Hence if char K = p, V is a module for the cyclic group of order p; if char K = 0, V is a module for
an infinite cyclic group.

V is not irreducible. Since t(e2) = e2, the module 〈e2〉 is a 1–dimensional submodule of V . If V
were completely reducible, there would exist a 1–dimensional submodule 〈f〉 with V = 〈f〉 ⊕ 〈e2〉.
Suppose that t(f) = λf , where λ ∈ K. Then

Tr(t) =

{
2 computed with respect to the basis {e1, e2},
1 + λ computed with respect to the basis {f, e2}.

So λ = 1 and t is the identity, which is a contradiction.
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6.2 Orthogonality Relations for Irreducible Characters

Hypothesis G is a finite group, and all representations are finite dimensional over an algebraically
closed field of characteristic 0 or characteristic coprime to |G|.

Lemma 6.16 (“Properties of Trace”) Let V be a K–vector space of dimension n.

1. For α ∈ endK(V ), tr(α) =
∑n

i=1 aii. This is independent of the basis B. tr(α) is the sum
of the eigenvalues of α. −tr(α) is the coefficient of λn−1 in the characteristic polynomial
det(λ1V − α) of α.

2. tr : endK(V ) → K is linear.

3. tr(αβ) = tr(βα) for α, β ∈ end(V ).

4. Given another K–vector space S and α ∈ endK(V ) and β ∈ endK(W ), define α ⊕ β ∈
endK(V ⊕W ) by (α⊕ β)(V ⊕W ) = α(V )⊕ β(W ). Then tr(α⊕ β) = tr(α) + tr(β).

Definition 6.17 Let V be a KG–module corresponding to a representation ρ. Then the character
of V (or of ρ) is the map χV : G → K defined by χV (g) = tr(ρ(g)). χV is called an irreducible
character if V is irreducible.

Proposition 6.18

1. χV (1) = dimV .

2. χV (h−1gh) = χV (g) ∀g, h ∈ G.

3. χV⊕W (g) = χV (g) + χW (g) for any g ∈ G and any two KG–modules V and W .

4. For each g ∈ G, χV (g) is a sum of roots of unity, and if K ⊆ C, then χV (g−1) = χV (g).

5. Equivalent representations have the same character.

Proof

1. χV (1) is the trace of the identity map, which is equal to dimV .

2. χV (h−1gh) = χV ((gh)h−1) (from 6.16(3)) = χV (g).

3. This follows from 6.16(4).

4. Suppose that ρ(g) has eigenvalues ω1, ω2, · · · , ωn. Then χV (g) =
∑n

i=1 ωi. Since G is finite,
ρ(g)m = 1V for some m, and so ωm

1 = ωm
2 · · · = ωm

n = 1. Now ρ(g)−1 has eigenvalues
ω−1

1 , ω−1
2 , · · · , ω−1

n , and ωi = ω−1
i . So

χV (g−1) =
∑

ω−1
i =

∑
ωi = χV (g).
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5. Suppose that ρ1 : G → GL(V1) and ρ2 : G → GL(V2) are two equivalent representations of
G. By Proposition 6.7, ∃ bases B1 and B2 of V1 and V2, respectively, such that [ρ1(g)]B1 =
[ρ2(g)]B2 ∀g ∈ G. Then

χV1(g) = tr ρ1(g) = tr[ρ1(g)]B1 = tr[ρ2(g)]B2 = χV2(g).

Definition 6.19

1. A function φ : G → K is a class function if it is constant on conjugacy classes (i.e.
φ(hgh−1) = φ(g) ∀h, g ∈ G), e.g. χV .

2. If φ, ψ : G→ K are two maps, their inner product is defined by

(φ, ψ) =
1
|G|

∑
g∈G

φ(g−1)ψ(g).

The set of maps G→ K is a K–vector space:

(φ1 + φ2)(g) = φ1(g) + φ2(g), (λφ)(g) = λφ(g).

The dimension of this K–vector space is |G|; a basis of functions is φg (g ∈ G), where φg(h) = δgh.
The set of class functions is a subspace of dimension equal to the number of conjugacy classes of G.

The above inner product is symmetric, bilinear, and nonsingular on both of the above spaces. (Check
this.)

Proposition 6.20 (Orthogonality of Irreducible Characters)

1. If V and W are nonisomorphic, irreducible KG–modules, then (χV , χW ) = 0.

2. If V is irreducible, then (χV , χv) = 1.

Proof

1. Choose bases B and C of V and W , respectively. Let the map v 7→ g(v) in V have matrix
(aij(g)). Let the map w 7→ g(w) on W have matrix (bij(g)). Choose f : V → W to have
matrix (with respect to the bases B and C)with entry 1 in position (r, s) and zeros elsewhere,
i.e. δirδjs.

Recall (Corollary 6.15) that f̂ =
∑

g∈G g
−1fg is a KG–homomorphism. By Schur’s Lemma,

f̂ is the zero map. We have

(i, l)–entry of [f̂ ] =
∑
g∈G

(i, l)–entry of [g−1fg]
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=
∑
g,j,k

aif(g−1(δjrδks)bkl(g) =
∑

g

air(g−1)bsl(g).

This is 0 for all r, s, i, l. Put i = r and l = s, and sum over all r and s to obtain 0 = (χV , χW ).

2. Now suppose that V = W . Schur’s Lemma implies that f̂ is a scalar multiple λ of the identity.
Hence, if n = dimV , then

nλ = tr f̂ =
∑
g∈G

tr(g−1fg) =
∑
g∈G

tr(f) = |G|tr(f) = |G|δrs.

Take r = s = 1. This shows that n 6= 0 in K. Thus f̂ is multiplication by |G|δrs/n. So ∀i, l,
we have

|G|δrs

n
δil = (i, l)–entry in [f̂ ] =

∑
g∈G

air(g−1)asl(g−1)

(as in part (1)). Put i = r and l = s and sum over r and s. Thus gives

(χV , χV ) =
1
|G|

∑
g∈G

arr(g−1)ass(g) =
1
|G|

∑
g∈G

δrsδrs
|G|
n

= 1.

Corollary 6.21 There are only finitely many inequivalent irreducible representations; the number
is at most the nubmer of conjugacy classes of G.

Proof Characters are elements of the space of class functions of dimension d, so it suffices to
show that the characters of χ(1), χ(2), · · · , χ(r) of any r inequivalent representations are linearly
independent. But if

∑
λix

(i) = 0, then ∀j, we have

0 = (0, χ(j)) =

(∑
λiχ

(i), χ(j)

)
=
∑

λiδij = λj .

Proposition 6.22 Assume char K = 0. Let X1, X2, · · · , Xr be representatives of the isomorphism
classes of irreducible KG–modules. Let V be an arbitrary KG–module, and define mi = (χXi , χV ).

1. mi is the number of Uj isomorphic toXi in any expression V = U1⊕U2⊕· · ·⊕Uj of V as a direct
sum of irreducible modules. (Hence it is independent of the decomposition U1⊕U2⊕· · ·⊕Uj).

2. V '
⊕r

i=1miXi, where miXi = Xi ⊕Xi ⊕ · · · ⊕Xi︸ ︷︷ ︸
m

, so V is determined up to isomorphism

by its character.

3. So (χV , χV ) is an integer ≥ 0, and V is irreducible iff (χV , χV ) = 1.

Note

1. This reproves 6.13(2) and (3) in this case.
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2. This plus 6.18(5) shows that two KG–modules are isomorphic (i.e. 2 KG–modules are equiv-
alent) iff they have the same character.

Proof

1. Suppose that V = U1 ⊕ U2 ⊕ · · · ⊕ Uj . Then

(χV , χXj
) =

(∑
χUj

, χXi

)
=
∑

j

(χUj
, χXi

),

which is the number of Ujs isomorphic to Xi.

2. This follows immediately from (1).

3.

(χV , χV ) =

(
χ⊕

i miXi
, χ⊕

j mjXj

)
=
∑
i,j

mimi(χXi
, χXj

) =
∑

i

m2
i .

Now if V is irreducible, then (χV , χV ) = 1. If (χV , χV ) = 1, then mi0 = 1 for some i0, and
mj = 0 for some j 6= i0. Hence V ' Xi0 .
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Chapter 7

The Group Algebra and the
Character Table

Recall Let K be any field and G any group. The group algebra KG is a K–vector space with basis
given by the elements of G. Elements of KG are of the form

∑
g λgg, with λg ∈ K and only finitely

many λgs nonzero. Identify λ ∈ K with λ1 ∈ KG, where 1 is the identity in G.

Definition 7.1 The right regular representation of G is the representation x 7→ xg for x ∈ KG,
g ∈ G. G acts by right multiplication on KG. (The left regular representation is defined simi-
larly.)

Hypotheses for the rest of this chapter G is a finite group, K is algebraically closed field of
characteristic zero, and X1, X2, · · · , Xr are representatives of the isomorphism classes of irreducible
KG–modules.

Proposition 7.2

1. χKG(1) = |G|, and χKG(g) = 0 for g 6= 1.

2. As KG–modules, we have KG '
⊕r

i=1 niXi, where ni = dimXi, i.e. each irreducible repre-
sentation occurs in KG a number of times equal to its degree.

3. |G| =
∑r

i=1 n
2
i , where ni = dimXi.

Proof

1. χV (1) = dimV for any KG–module V . Compute χKG(g) with respect to the basis G. Each
row of the matrix has one entry 1, and the rest are 0. If some diagonal entry is nonzero, then
hg = h for some h ∈ G, so g = 1.

40



2. We have KG '
⊕r

i=1miXi, and by Proposition 6.22,

mi = (χKG, χXi) =
1
|G|

∑
g∈G

χKG(g−1χXi(g) =
|G|
|G|

χXi(1) = dimXi.

3.

|G| = dimKG = dim

(
r⊕

i=1

niXi

)
=

r∑
i=1

ni dimXi =
r∑

i=1

n2
i .

Corollary 7.3 The following are equivalent:

1. G is abelian.

2. G has |G| inequivalent irreducible representations.

3. Each irreducible KG–module has dimension 1.

Proof (1) implies (3) by Corollary 6.10 (Corollary to Schur’s Lemma). (3) implies (2) by Proposition
7.2(3). To show that (2) implies (1), we note that if G has |G| inequivalent irreducible representa-
tions, then G has |G| conjugacy classes, and so G is abelian.

Lemma 7.4 Let ψ be a class function such that (ψ, χXi) = 0 for 1 ≤ i ≤ r. Then ψ = 0.

Proof Let x =
∑

g∈G ψ(g−1)g ∈ KG. We claim that, since ψ is a class function, x commutes with
all elements of G.

h−1xh =
∑
g∈G

ψ(g−1)h−1gh =
∑
g∈G

ψ((h−1gh)−1)h−1gh =
∑
g∈G

ψ(g−1g = x.

This implies that if V is any KG–module, the map θx : V → V given by x 7→ vx is a KG–
homomorphism. (hθx)(v) = hxv = xhv = θx(hv). Take v = xi. Then Schur’s Lemma implies that
θx = λx (identity) for some λ ∈ K. Hence niλ = tr(θx as an endomorphism of Xi), which is equal
to
∑

g∈G ψ(g−1)tr(g as an endomorphism of xi), which is equal to∑
g∈G

ψ(g−1)λxi(G) = |G|(ψ, χXi
) = 0.

So x acts as the zero map on Xi and hence acts as zero on
⊕r

i=1 niXi ' KG. Hence

0θx(1) = x1 = x =
∑
g∈G

ψ(g−1)g.

So ψ(g) = 0 ∀g, i.e. ψ = 0.

Theorem 7.5 Let χ(1), χ(2), · · · , χ(r) be the irreducible characters of G.
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1. φ =
∑r

i=1(φ, χ
(i))χ(i) for each class function φ.

2. χ(1), χ(2), · · · , χ(r) is a basis for the space of class functions. So the number of irreducible
characters is equal to the number of conjugacy classes of G.

Proof

1. Given φ, set ψ = φ−
∑r

i=1(φ, χ
(i))χ(i). Then (ψ, χ(i)) = 0 ∀i, and so ψ = 0 by Lemma 7.4

2. Part (1) implies that χ(1), χ(2), · · · , χ(r) spans the space of class functions. The proof of Corol-
lary 6.21 implies that they are linearly independent.

Notation χ(1) is the character of the trivial representation (each element of G acts as the identity on
a 1–dimensional vector space). χ(1), χ(2), · · · , χ(d) are the irreducible characters. g1 = 2, g2, · · · , gd

are representatives of conjugacy classes C1, C2, · · · , Cd. Sj is the order of the centralizer of gj in G.
So |Cj | = |G|/Sj .

Definition 7.6 The character table of G is the d×d matrix with entry χ(1)(gj) in place (i, j). All
entries in the 1st row are 1. Entries in the 1st column are degrees of irreducible characters: integers
¿0 whose square have sum |G|.

Theorem 7.7 Suppose that K ⊆ C.

1. Define
uij =

1√
SiSj

χ(1)(gj)

for i, j ≤ d. The matrix U = (uij) is unitary (i.e. UŪ t = I).

2. (Orthogonality Relations for Columns)

d∑
k=1

χ(k)(gi)χ(k)(gj) =

{
si if i = j,

0 if i 6= j.

Proof

1. From orthogonality relations for characters (Proposition 6.20), we have

δij =
1
|G|

∑
g∈G

χ(i)(g)χ(j)(g)

=
1
|G|

d∑
k=1

|G|
Sk

χ(i)(gk)χ(j)(gk)

=
d∑

k=1

ūik,

which is the (j, i)th entry in UŪ t. So UŪ t = I.
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2. Since UŪ t = I, U−1 = Ū t, and so Ū tU = I. So for all i and j,

δij =
d∑

k=1

ŪkiUkj =
1√
SiSj

d∑
k=1

χ(k)(gi)χ(k)(gj).

Comments

1. Orthogonality Relations for Rows:

|G|δij =
d∑

k=1

|G|
Sk

χ(i)(gk)χj(gk).

(In practice, orthogonality relations for columns are often more useful.)

2. Also useful: The degrees χ(i)(1) of irreducible characters divide |G|. (Proof later.)

Example G = S4. Conjugacy classes have representations g1 = 1, g2 = (12), g3 = (123),
g4 = (12)(34), and g5 = (1234). χ(1) is the trivial character, and χ(2) is the alternating charac-
ter.

Exercise Show that if χ is an irreducible character, then so is χ(3)χ.

Now observe that χ(2)χ = χ iff χ(g2) = χ(g5) = 0. But χ(1) + χ(2), χ(3), χ(4), χ(5) are linearly
independent. Hence these cannot all vanish on g2 and g5 (otherwise e.g. the class function defined
by φ(g2) = 1, φ(rest) = 0 would not lie in the span of {χ(1) + χ(2), χ(2), χ(3), χ(4), χ(5)}, which is a
contradiction).

Suppose that χ(2)χ(3) 6= χ(3). Then we can take χ(4) = χ(2)χ(3). Then the set of irreducible
characters of G is given by

{χ(1), χ(2), χ(3), χ(2)χ(3)︸ ︷︷ ︸
multiplication by χ(2)

permutes these

, χ(5)}.

We must have χ(2)χ(5)χ(5). So χ(5)(g2) = χ(5)(g5) = 0. Each element of G is conjugate to its inverse.
Hence χ(g) = χ(g−1) = χ(g). So the character table is real.

If d3 := χ(3)(1) and d5 := χ(5)(1), then 1 + 1 + d2
3 + d2

3 + d2
5 = |G| = 24, i.e. 2d2

3 + d2
5 = 22. The only

solution is d3 = 3 and d5 = 2.

Let C(i, j) denote “orthogonality relations applied to columns (i, j).” C(2, 2) gives us that entries
in the 2nd column are ±x, real, and satisfy 2|x|2 = 2, and so x = ±1. C(5, 5) gives us that entries
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in the 5th column are ±1. Then C(2, 5) gives the signs. C(3, 1) and C(3, 3) give us entries in the
3th column. (We know that 0s have to be the same.) C(3, 4) and C(1, 4) give us entries in the 4th

column. (Again we know that the the 0s have to be the same.)

1 g2 g3 g4 g5
|Ci| 1 6 8 3 6
Si 24 4 3 8 4
χ(1) 1 1 1 1 1
χ(2) 1 −1 1 1 −1
χ(3) 3 1 0 −1 −1
χ(4) 3 −1 0 −1 1
χ(5) 2 0 −1 2 0

Remark We have not used the “obvious” representation, a vector space V with basis the four points
permuted by S4. Then χV (g) would be the number of points fixed by g.

g1 g2 g3 g4 g5
χV 4 2 1 0 0

Then (χV , χV ) = 1
24 (1 · 16 + 6 · 4 + 8 · 1) = 2. Thus χV is a sum of two irreducible characters. Now

(χV , χ
(1)) = 1, so χV − χ(1) is irreducible.

Objective We want to characterize KG as a ring and deduce another proof that the number if
irreducible characters is equal to the number of conjugacy classes.

Proposition 7.8

1. If V is any KG–module, then the map ρ̂ : KG → endK(V ) defined by ρ̂(x)v = xv for v ∈ V
and x ∈ KG is a ring and vector space homomorphism. (This follows from the (ring theoretic)
definition of a KG–module.)

2. Let X1, X2, · · · , Xr be representatives of the equivalence classes of irreducible representations
of G, and let ρ̂1, ρ̂2, · · · , ρ̂r be the corresponding maps KG→ endK(Xi). Then the map

σ : KG→
r⊕

i=1

endK(Xi)

defined by σ(x) = (ρ̂1(x), ρ̂2(x), · · · , ρ̂r(x)) is a ring and vector space isomorphism.

Proof

2. σ is a ring and vector space homomorphism by (1). If σ(x) = 0, then ρ̂i(x) = 0 ∀i, so x
acts as zero on each Xi, hnce on any direct sum of modules isomorphic to Xi, hence on any
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KG–module V . Take V = KG. Then 0 = x · 1 = x, so σ is injective. Now we compute
dimensions: dimKG = |G|, and

dim

(
r⊕

i=1

endKXi

)
=

r∑
i=1

dim(endKXi) =
r∑

i=1

dim(Xi)2 = |G|.

(See Proposition 7.2(3).)

Definition 7.9 The center Z(R) of a ring R is {z : xz = zx ∀x ∈ R}. It is a subring of R.

Proposition 7.10

1. Z(Mn(K)) = {λ1 : λ ∈ K}.

2. If R ' S, then Z(R) ' Z(S). So if dimV = n, then dim(Z(endKV )) = dim(Z(Mn(K))) = 1.

3. Z(R1 ⊕R2 ⊕ · · · ⊕Rr) = Z(R1)⊕ Z(R2)⊕ · · · ⊕ Z(Rr).

4.

dim(Z(KG)) = dimZ

(
r⊕

i=1

endKXi

)
= dim

(
r⊕

i=1

Z(endKXi)

)
= r.

5. Let C1 = {1}, C2, · · · , Cd be the conjugacy classes of G. Set ci =
∑

g∈Ci
g. Let W be the

space spanned by c1, c2, · · · , cd. Then Z(KG) = W .

6. The number of conjugacy classes is equal to the number of irreducible characters. Thus
c1, c2, · · · , cd are linearly independent, so dimZ(KG) = d. Now compare with part (4).

Proof

5. Plainly, each c1 ∈ Z(KG) since gcig−1 = ci ∀g ∈ G. So W ⊆ Z(KG). Now
∑
λgg ∈ Z(KG),

and so ∑
λgg = h−1

(∑
λgg

)
h =

∑
λgh

−1gh

for each h ∈ G. So the function g 7→ λg is a class function. Hence

∑
λgg =

d∑
i=1

λici ∈W.
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Chapter 8

Tensor Products, Symmetrics and
Exterior Squares as KG–Modules

8.1 Review of Tensor Products

The tensor product of K–vector spaces U and V is a K–vector space U ⊗V , together with a bilinear
map ⊗ : U×V → U⊗V with the following universal property: For each bilinear map g : U×V →W ,
∃! linear map g : U ⊗ V →W such that the following diagram commutes:

U × V
g //

⊗
��

W

U ⊗ V

g̃

;;w
w

w
w

w

The tensor product exists as is unique up to isomorphism.

If U and V are finite dimensional with bases {e1, e2, · · · , em} and {f1, f2, · · · , fn}, respectively, then
U ⊗ V has basis {ei ⊗ fj | 1 ≤ i ≤ m, 1 ≤ j ≤ n}. dim(U ⊗ V ) = (dimU)(dimV ).

Given linear maps f : U1 → U2 and g : V1 → V2, then ∃! linear map f ⊗ g : U1 ⊗ V1 → U2 ⊗ V2 such
that (f ⊗ g)(u⊗ v) = f(u)⊗ g(v) ∀u, U1, v ∈ V1.

Lemma 8.1

1. 1U ⊗ 1V = 1U⊗V .

2. Given f1 : U1 → U2, f2 : U2 → U3, g1 : V1 → V2, and g2 : V2 → V3, we have (f1⊗g1)(f2⊗g2) =
(f1f2)⊗ (g1, g2).

3. Given α : U → U and β : V → V , we have tr(α⊗ β) = tr(α)tr(β).
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Proof

1, 2. Show that the maps agree on the spanning set {u⊗ v | u ∈ U, v ∈ V }.

3. Choose bases {e1, e2, · · · , em} and {f1, f2, · · · , fn} on U and V , respectively. Let α(e1) =∑
aikek and β(fj) =

∑
bjlfl ∀i, j. Then

(α⊗ β)(ei ⊗ fj) = α(ei)⊗ β(fj) =
∑
k,l

aikbjlek ⊗ fl.

Thus α⊗β has matrix with rows and columns induced by {(i, j) : 1 ≤ i ≤ m, 1 ≤ j ≤ n}. The
entry at the intersection of row (i, j) and column (k, l) is aikbjl. Thus

tr(α⊗ β) =
∑
i,j

aiibjj = tr(α)tr(β).

Proposition 8.2 If U and V are finite dimensional KG–modules, then U ⊗ V becomes a KG–
module with action defined by g(u ⊗ v) = g(u) ⊗ g(v), u ∈ U , v ∈ V , g ∈ G. We have that
χU⊗V (g) = χU (g)χV (g), so the product of the characters is a character.

Proof Let ρ and σ be the representations of G on U and V , respectively. For each g ∈ G, consider
the maps ρ(g)⊗ σ(g). We have

[ρ(g1)⊗ σ(g1)][ρ(g2)⊗ σ(g2)] =
(
ρ(g1)ρ(g2)

)
⊗
(
σ(g1)σ(g2)

)
= ρ(g1g2)⊗ σ(g1g2)

and ρ(1) ⊗ σ(1) = 1U⊗V . Hence the map g 7→ ρ(g) ⊗ σ(g) is a representation, and U ⊗ V is a
KG–module. We have

χU⊗V (g) = tr
(
ρ(g)⊗ σ(g)

)
= tr

(
ρ(g)

)
tr
(
σ(g)

)
= χU (g)χV (g).

Lemma 8.3 Let U , V , and W be KG–modules, and regard K as a KG–module with G acting
trivially. Then each of the following natural isomorphisms of aK–vector space is aKG–isomorphism:

1. The map θ : K ⊗ U → U , λ⊗ u 7→ λu.

2. φ : U ⊗ V → V ⊗ U , u⊗ v 7→ v ⊗ u.

3. (U ⊗ V )⊗W → U ⊗ (V ⊗W ), (u⊗ v)⊗ w 7→ u⊗ (v ⊗ w).

Proof Check that everything works on a spanning set.
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8.2 Symmetric and Exterior Squares

Let V be a finite dimensional K–vector space with char(K) 6= 2. Let τ be the action on V ⊗ V
determined by u⊗ v 7→ v ⊗ u. So τ2 = 1, and V ⊗ V is a K〈τ〉–module.

Definition 8.4 Call t ∈ V ⊗ V symmetric if τ(t) = t and antisymmetric if τ(t) = −t. Each
t ∈ V ⊗ V is uniquely the sum of its symmetric and antisymmetric parts:

t =
1
2
(
t+ τ(t)

)
+

1
2
(
t− τ(t)

)
.

So we have
V ⊗ V = S2(V )⊕ λ2(V ),

where S2(V ) consists of all symmetric elements and λ2(V ) consists of all antisymmetric elements.

Definition 8.5 S2(V ) is the symmetric square of V ; λ2(V ) is the exterior square of V .

If {e1, e2, · · · , en} is a basis of V , then {ei ⊗ ej + ej ⊗ ei | i ≤ j} and {ei ⊗ ej − ej ⊗ ei | i < j}
are subsets of S2(V ) and λ2(V ), respectively. Together they have n2 elements and span V ⊗ V , so
they are bases of S2(V ) and λ2(V ), respectively. If V is a KG–module, then S2(V ) and λ2(V ) are
KG–submodules of V ⊗ V . (Check this.)

Proposition 8.6 The characters of G on the KG–module S2(V ) and λ2(V ) are given by

1. χS2(V )(g) + χλ2(V )(g) = χV (g)2,

2. χS2(V )(g)− χλ2(V )(g) = χV (g2).

Proof

2. Suppose that {e1, e2, · · · , en} is a basis of V . g(ei) =
∑
aikek, say. Put tij = ei ⊗ ej . Then

g(tij) =
∑

k,l aikajltkl. So

g(tij + tji) =
∑
k,l

aikajl(tkl + tlk) (†)

for i ≤ j. If i < j, then the coefficient of tij + tji on the RHS of (†) is aiiajj +aijaji. Compute
χS2(V )(g) with respect to the above basis:

χS2(V )(g) =
∑
i<j

aiiajj +
∑
i<j

aijaji +
∑

i

aiiaii.

Similarly,
χλ2(V )(g) =

∑
i<j

aiiajj −
∑
i<j

aijaji,
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for if i < j, the coefficient of tij − tji on the RHS of (†) is aiiajj − aijaji. Subtracting gives

χS2(V )(g)− χλ2(V )(g) = 2
∑
i<j

aijaji +
∑

i

aiiaii

∑
i,j

aijaji = tr
(
(aij)2

)
= χV (g2).

Alternatively, if G is finite and K algebraically closed with char K = 0 or coprime to |G|,
there is a much simpler proof. If g ∈ G has order r, then the minimum polynomial of G on V
divides xr − 1 and so has distinct roots. Hence ∃ a basis {e1, e2, · · · , en} of eigenvectors, say
g(ei) = λiei ∀i. Then g(ei ⊗ ej) = λiλj(ei ⊗ ej), so computing χS2(V )(g) with respect to the
obvious basis gives χS2(V )(g) =

∑
i≤j λiλj . Similarly, χλ2(V )(g) =

∑
i<j λiλj . So

χS2(V )(g)− χλ2(V )(g) =
∑

i

λ2
i = χV (g2).
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Chapter 9

Induced Representations

Hypotheses for Chapter 9: H is a subgroup of G of finite index m; all representations are finite
dimensional.

If V is a KG–module (corresponding to a representation ρ : G→ GL(V )), then V is a KH–module
(and the corresponding representation is the restriction ρ |H of ρ to H).

Problem Given a representation of H, find a representation of G.

Definition 9.1 A KG–module V is induced from a KH–module W if

1. W is a KH–submodule of V when V is regarded as a KH–module.

2. There is a transversal T = {t1, t2, · · · , tm} of H in G such that

V =
m⊕

i=1

tiW (tiW = {ti(w) | w ∈W}).

Example Suppose that G is any finite group and H is the trivial group acting on W = K. Then
the group algebra KG as a KG–module is induced from W .

Proposition 9.2

1. The above definition is independent of the transversal. If V is induced from W , then (2) holds
for every transversal of H in G.

2. If V is induced from W , then the structure of V as a KG–module is entirely determined by
that of W as a KH–module.

Proof
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1. If T ′ = {t′1, t′2, · · · , t′m} is another transversal numbered such that tiH = t′iH (i.e. numbered
in the same order), then ∃h ∈ H such that t′i = tih and t′iW = tihW = tiW (since W is a
KH–module). So V =

⊕
i t
′
iW =

⊕
i tiW .

2. Let ρ : G→ GL(V ) and σ : H → GL(W ) be the corresponding representations. We must show
that the σ(h) (h ∈ H) determine ρ(g) (g ∈ G), or, as the tiW span V , determine the maps
ρ(g) |tiW : tiW → V . Now given g ∈ G and tiW , then ∃tj ∈ T, h ∈ H such that gti = tjh. We
have ρ(g)(tiw) = tjh(w) = tj(σ(h)w).

Proposition 9.3 Given a KH–module W , ∃ a KG–module V induced from W . The module V
is uniquely determined up to isomorphism of KG–module (by Proposition 9.2(2)) and is denoted
indG

HW .

Proof Let t1 = 1, t2, · · · , tm be a transversal of H in G. Let W1 = W,W2, · · · ,Wm be a K–vector
space with Wi ' W ∀i. Let θi : W ∼→ Wi be an isomorphism ∀i and θ1 be the identity map. Set
V =

⊕m
i=1Wi. Define ρ(g) : V → V by specifying the action on each Wi. Given g and ti, let

gti = tjh (h ∈ H). So g = tjht
−1
i ; then for wi ∈Wi, define ρ(g)wi = θghθ

−1
i (wi).

1. V becomes a KG–module. Firstly, the maps ρ(g) are linear and well–defined, as V =
⊕
Wi.

Because 1 · ti = ti · 1, we have ρ(1)wi = θi1θ−1
i (wi) = wi. So ρ(1) = 1V . Given g1, g2 ∈ G and

ti, define h1, h2, tj , and tk by g1ti = tjh and g2tj = tkh2. Then

ρ(g2)ρ(g1)wi = θkh2θ
−1
j θjh1θ

−1
1 (wi) = θk(h2h1)θ−1

i (wi) = ρ(g1g2)wi

since g1g2ti = g2tjh1 = tkh2h1.

2. W is a KH–submodule. If w ∈W and h ∈ H, then h1 = 1h. So ρ(h)w = θ1hθ
−1
1 (w) = h(w).

3. Take g = ti and w ∈W . Then ti(w) = θi1θ−1
i (w) = θi(w). So tiW = Wi and V '

⊕m
i=1 tiW .

Proposition 9.4 (“Induction is Transitive”) Suppose that H ≤ L ≤ G and that W is a KH–
module. Then indG

L indL
HW ' indG

HW (as KG–modules).

Proof If R is a transversal of H in L and S a transversal of L in G, then RS = {rs : r ∈ R, s ∈ S}
is a transversal of H in G. The result now follows from Proposition 9.2.

Note If V = indG
HW =

⊕
tiW , then each gtiW = tiW iff t−1

i gti ∈ H since if gti = tjh (h ∈ H),
then gtiW = tjhW = tjW .

Hypotheses for the rest of the chapter: G is finite and K is algebraically closed of characteristic
zero.

How can we compute induced characters?
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Proposition 9.5 Let V = indG
HW and g ∈ G, and suppose that T is a transversal of H in G. Then

χV (g) =
∑
t∈T

t−1gt∈H

χW (t−1gt) =
1
|H|

∑
s∈G

s−1gs∈H

χW (s−1gs).

Proof Denote the corresponding representations by σ : H → GL(W ) and ρ : G → GL(V ). Our
strategy is to compute the trace of ρ(g) with respect to a union of the bases of tW (t ∈ T ). If
g(tW ) 6= tW , then we get zero entries on the diagonal for basis vectors in tW . So

χV (g) =
∑
t∈T

g(tW )=tW

tr(ρ(g) |tW ) =
∑
t∈T

t−1gt∈H

tr(ρ(g) |tW ).

If e1, e2, · · · , er is a basis of W , then te1, te2, · · · , ter is a basis of tW . If g(tei) =
∑

j aijtej ∀i, then
t−1gt(ei) =

∑
j aijej ∀i. So

tr(ρ(g) |tW ) =
∑

aii = tr(σ(t−1gt).

Hence
χV (g) =

∑
t∈T

t−1gt∈H

χW (t−1gt).

Now write this another way: suppose that g′ ∈ G with g′ = t′h (t′ ∈ T, h ∈ H) say. Then
g′−1gg′ ∈ H iff h−1t′−1gt′h ∈ H iff t′−1gt′ ∈ H. In this case, g′−1gg′ and t′−1gt′ are conjugate in
H, and so χW (g′−1gg′) = χW (t′−1gt′). Hence

χV (g) =
1
|H|

∑
s∈G

s−1gs∈H

χW (s−1gs.

Definition 9.6 Let H ≤ G. If φ is a class function on H, define

(indG
Hφ)(g) =

1
|H|

∑
s∈G

s−1gs∈H

φ(s−1gs).

This is a class function on G. (Check this.) (“It comes from a sum over all conjugates lying on H.”)

If ψ is a class function on G, define resHψ to be the restriction of ψ to H. This is a class function
on H.

Theorem 9.7 (Frobenius Reciprocity Theorem) If φ is a class function on H and ψ is a class
function on G, then

(indG
Hφ, ψ)G = (φ, resHψ)H ,
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where (·, ·)X means inner product of class functions for the group X.

Proof

(indG
Hφ, ψ)G =

1
|G|

1
|H|

∑
g∈G

∑
s∈G

φ(s−1g−1s)ψ(g)

=
1
|G|

1
|H|

∑
s∈G

∑
g∈G

s−1gs∈H

φ(s−1g−1s)ψ(g)

=
1
|G|

1
|H|

∑
s∈G

(∑
h∈H

φ(h−1)ψ(shs−1)

)
(setting s−1g−1s = h−1)

=
1
|G|

1
|H|

∑
s∈G

∑
h∈H

φ(h−1ψ(h)

= (φ, resHψ)H .

Corollary 9.8 If χ is an irreducible character of G and ψ is an irreducible character of H, then the
multiplicity of χ in indG

Hψ is equal to the multiplicity of ψ in resHχ.

Proof By Proposition 6.22, these are (χ, indG
Hψ)G and (resHχ, ψ)H , respectively.

9.1 Permutation Representations

Let Π be a permutation representation of G on X = {x1, x2, · · · , xm}. Let V be a K–vector space
with basis in one–to–one correspondence withX, and write Π for the associated linear representation.
Set H = {g ∈ G : gx1 = x1} — the stabilizer of xi in G. Suppose that Π is a transitive representation
(i.e. ∀i, j∃g ∈ G with g(xi) = xj). For each i, choose ti ∈ G with xi = tix1. We claim that
{ti : 1 ≤ i ≤ m} is a transversal of H in G. If g ∈ G, then xi = gx1 iff tix1 = g1 iff t1

−1g ∈ H iff
g ∈ tiH. Let W be the space spanned by w1. Then HW = W , so W is a KH–module (i.e. W is a
KH–submodule of V ). Also, tiW = 〈xi〉 and

V =
m⊕

i=1

〈xi〉 =
m⊕

i=1

tiW.

Hence V = indG
HW , where W is a 1–dimensional subspace acted upon trivially by H.

Nonstandard Notation χ
(1)
(G) is the trivial character of the group G. χ(1)

(G)(g) = 1 ∀g ∈ G.

Proposition 9.9 Let Π be as above.
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1. χV (g) is the number of points of V fixed by g

2.
∑

g∈G χV (g) = |G|.

3. V is the direct sum V1⊕V2 of the submodule V1 spanned by
∑m

i=1 xi (on which G acts trivially)
and the submodule

V2 =

{
m∑

i=1

λixi :
m∑

i=1

λi = 0

}
.

The character χV2 is given by χV2(g) = {number of fixed points of g} = 1.

4. If Π is 2–transitive (i.e. if ∀i 6= j, k 6= l, ∃g ∈ G such that gxi = xk and gxj = xl) and m ≥ 2,
then V2 is irreducible and not isomorphic to V1.

Proof

1. Compute the trace with respect to the basis X.

2.
1
|G|

∑
g∈G

χV (g) = (χV , χ
(1)
(G))G = (χ(1)

(H), χ
(1)
(H) −H = 1.

3. V1 and V2 are obviously submodules, V1 6≤ V2, dimV1 = 1, and dimV2 = dimV − 1, so
V = V1 ⊕ V2.

4. First observe that (χV , χV )G = (χ(1)
(H), φ)H , where phi is the restriction of χV to H. Consider

V as a KH–module. We have V = 〈x1〉 ⊕ 〈xi : i > 1〉. This is a direct sum of a module with
character χ(1)

(H) and a module corresponding to a transitive permutation representation of H
with character ψ, say. Applying (2) to the group H gives

(χ(1)
(H), ψ) =

1
|H|

∑
h∈H

ψ(h) = 1.

So
(χV , χV )G = (χ(1)

(H), φ)H = (χ(1)
(H), χ

(1)
(H)) + (χ(1)

(H), ψ)H = 2.

So V is a direct sum of two nonisomorphic irreducible KG–submodules.

Examples of 2–Transitive Representations Sn (n ≥ 3), An (n ≥ 4), GLn(F ) on a 1–dimensional
subspace of Fn for any field F (n ≥ 2).

Let us now redo induced representations from a different point of view: Suppose that H ≤ G,
and let T = {t1, t2, · · · , tm} be a transvesal of H in G. Let W be an FH–module. Recall that
indG

H W =
⊕m

i=1 tiW . Set V = FG⊗FH W , where FG is viewed as a right FH–module.

Proposition 9.10

V = FG⊗FH W '
m⊕

i=1

(ti ⊗W ) '
m⊕

i=1

tiW.
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Proof Observe that G is a disjoint union of the sets tiH, ti ∈ T . Hence, as a right FH–module, we
have an isomorphism FG '

⊕m
i=1 FtiH. Then we have

FG⊗GH W ∼=

(
m⊕

i=1

FtiH

)
⊗FH W '

m⊕
i=1

ti ⊗W.

Check tha the FG–action agrees with that of Proposition 9.3.

Example We now compute the character table of GL3(F2) = G. |G| is the number of ordered bases
of F3

2, which is (8− 1)(8− 2)(8− 4) = 168 = 23 · 3 · 7. Every element of G is conjugate to a matrix
in rational canonical form. Thus each element of G is conjugate to one of

1. g1 = 1,

2.

g2 =

0 1 0
1 1 0
0 0 1

 ,

which has minimum polynomial x2 + 1, characateristic polynomial (x2 + 1)(x+ 1), and order
2,

3.

g3 =

0 1 0
0 0 1
1 0 0

 ,

which has minimum polynomial x2 + x+ 1, characteristic polynomial (x2 + x+ 1)(x+ 1), and
order 3,

4.

g4 =

0 1 0
0 0 1
1 1 1

 ,

which has minimum polynomial x3 +x2 +x+1, characteristic polynomial x3 +x2 +x+1, and
order 4,

5.

g5 =

0 1 0
0 0 1
1 1 0

 ,

which has characteristic polynomial x3x+ 1 and order 7,

6.

g6 =

0 1 0
0 0 1
1 0 1

 ,

which has characteristic polynomial x3 + x2 + 1 and order 7.
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Let the corresponding conjugacy classes be C1, C2, · · · , C6, and write hi = |Ci|.

1. C−1
i = Ci for i ≤ 4 (as elements have the same order). Thus χ(g1) is real ∀i ≤ 4. g−1

5 satisfies
1 + g−2

5 + g−3
5 . (Check this.) Thus the minimum polynomial of g−1

5 divides x3 +x2 + 1 (which
is irreducible over F2). Since g−1

5 has order 7, we have that g−1
5 ∈ C6. Thus g−1

5 = C6. Now
g5(g2

5 + 1) = 1 = 0, and so g2
5(g4

5 + 1) + 1 = 0 (squaring both sides in characteristic 2), and so
g2
5 ∈ C5.

2. G acts 2–transitively on F2 \ {0}, for given two ordered pairs of distinct elements, we can
complete each to an ordered basis and so can map one onto the other. So if Π is a permutation
character of G on F3

2 \{0} (i.e. Π(g) is the number of fixed points of G on F3
2 \{0}), then Π−1

is irreducible (see Proposition 9.9). Now the set of fixed points of gi on F3
2 is a subspace, and

so it follows that Π(gi) is 7, 3, 1, or 0. Π(gi) = 7 iff gi = g1 = 1. g5 and g6 act as 7–cycles,
so Π(g5) = Π(g6) = 0. g2 fixes (0, 0, 1), (1, 1, 0), and (1, 1, 1), so Π(g2) = 3. g3 is a product
of r disjoint 3–cycles, and so Π(g3) = 7 − 3r, and so r = 2 and Π(g3) = 1. (We can’t have
r = 1 since then the number of fixed points of g3 on F3

2 would be 5, which is a contradiction.)
g4(x, y, z) = (x, y, z) iff (x, y, z) = (z, x+ z, y + z) iff y = 0 and x = −2. Thus Π(g4) = 1.

3. Thus far we have
g1 g2 g3 g4 g5 g6
1 h2 h3 h4 h5 h6

χ(1) 1 1 1 1 1 1
χ(2) 6 2 0 0 −1 −1

Rows are orthogonal. Hence R(2, 2) : 36+4h2 +(h5 +h6) = 0. R(1, 2) : 6 : 2h2− (h5 +h6) = 0.
Thus h2 = 21 and h5 + h6 = 48. Since C6 = C−1

5 , h5 = h6 = 24.

4. Consider S2(χ(2)). We have

S2(χ(2))(g) =
1
2
[χ(2)(g)2 +(2)

χ (g2)].

This yields
21 5 0 1 0 0.

This character decomposes, as 212 > 168. Suppose that it contains χ(1) r times and χ(2) s
times. Since 〈χ(1), rχ(1) + sχ(2)〉 = r〈χ(1), χ(1), 168r = 21 + 5h2 + h4 = 126 + h4, and so r = 1
and h2 = 42. Also, 〈χ(2), rχ(1) + sχ(2)〉 = s〈χ(2), χ(2)〉, and so 168s = 21 · 6 + 5h2, or s = 2.
Now χ(3) = S2(χ(2))− χ(1) − 2χ(2) is a character.

χ(3) = 6 0 −1 0 1 1.

This is irreducible, as 〈χ(3), χ(3)〉 = 1.

5. Solve
∑6

i=1 n
2
i = 168 to get degrees 7, 3, and 3 for χ(4), χ(5), and χ(6). Now C−1

5 = C6 implies
that columns 5 and 6 are conjugate to each other. They are not real, as the character table
is nonsingular. If χ is a character, then χ̄ is a character. Thus χ(6) = χ(5). Suppose that
χ(5)(g3) = s and χ(6)(g3) = s̄ = s. (See (1): χ(gi) is real ∀i ≤ 4.) Then s is a sum of 3 cube
roots of unity since g3 is of order 3. Now 〈χ(5), χ(5)〉 = 1, and so we must have 56s2 < 168, s
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real, and s a sum of three cube roots of unity, and so s = 0. Thus χ(5)(g3) = χ(6)(g3) = 0.

Now use C(1, 3) to compute column 3. Now use column 3 and orthogonality relations on
columns to finish off χ(4). Now χ(5)(g2) = χ(6)(g2) = −1. A similar argument shows that
χ(5)(g4) = χ(6)(g4) = 1.

6. Now χ(g5) = χ(g6) ∀x (since C−1
5 = C6). If χ(g5) is real ∀x, then column 5 = column 6,

which is a contradiction since the character table is nonsingular. Also, χ is irreducible, so χ̄ is
irreducible, so the bottom right of the table is

η η̄
η̄ η

for some η ∈ C \R. Now C(2, 5) implies that η+ η̄ = −1, so η = − 1
2 + iλ. C(5, 6) implies that

0 = 3+η2+η̄2 = 3 1
2−2λ2, and so λ =

√
7

2 . This completes the calculation of the character table.

g1 g2 g3 g4 g5 g6
1 21 56 42 24 24

χ(1) 1 1 1 1 1 1
χ(2) 6 2 0 0 −1 −1
χ(3) 8 0 −1 0 1 1
χ(4) 7 −1 1 −1 0 0
χ(5) 3 −1 0 1 − 1

2 + i
√

7
2 − 1

2 − i
√

7
2

χ(6) 3 −1 0 1 − 1
2 − i

√
7

2 − 1
2 + i

√
7

2

Here are some of the things we can conclude from the character table:

1. G is simple, for if not, then ∃i, j > 1 with χ(i)(gj) = χ(i)(1). We show this in two steps:

Lemma A Let G be a finite group, and suppose that ρ : G → GL(V ) is a representation
of degree m and character χ. If for some g ∈ G we have |χ(g)| = m, then ρ(g) = ωI, where ω
is a root of unity. If χ(g) = m, then ρ(g) = I, i.e. g ∈ ker ρ.

Proof Suppose that g is of order k. Then ρ(g) satisfies the equation xk−1. Since this splits over
K, it follows that ρ(g) is diagonalizeable. Let λ1, λ2, · · · , λm be the eigenvalues of ρ(g) (counted
with multiplicity). Then λ1, λ2, · · · , λm are roots of unity, and χ(g) = λ1 +λ2 + · · ·+λm, and
so

|λ(g)| ≤ |λ1|+ |λ2|+ · · ·+ |λm| = m. (∗)

The triangle inequality implies that equality holds in (∗) iff λ1 = λ2 = · · · = λm = ω. This
implies that ρ(g) = ωI. Hence if χ(g) = m, then ω = I, and ρ(g) = I, i.e. g ∈ ker ρ.

Lemma B Let G be a finite group. Then G is simple iff ∀g ∈ G and for every irreducible
character χ 6= 1, we have that χ(g) 6= χ(1) if g 6= 1.

Proof The forward direction follows from Lemma A. For the reverse direction, suppose that
N C G with N 6= 1, and let χ̂ be an irreducible character of G/N . Define χ : G → K× by
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χ(g) = χ̂(ḡ), where ḡ is the image of g in G/N . Check that χ is an irreducible character of G.
Then if e.g. g ∈ N with g 6= 1, we have that χ(g) = χ(1).

2. Every element of order 7 lies in a unique subgroup of order 7. Thus the number of subgroups
of order 7 is 8. Similarly, the number of subgroups of order 3 is 28.

3. Centralizers of elements of order 2 have order 168/h2 = 168/21 = 8. These centralizaers are
conjugate to each other. (Another way to see this is to note that these centralizers are Sylow
2–subgroups of G.) Observe that each element g of order 4 has g2 of order 2 and so lies in a
subgroup of order 8. The centralizer of such a g has order 168/h4 = 168/42 = 4, and so it
follows that the subgroups of order 8 are nonabelian.

4. If x and y are of order 2 with x 6= y, then CG(x) 6= CG(y), for otherwise, we have that
{1, x, y, xy} ⊆ Z(CG(x)), which implies that CG(x) is abelian, which is a contradiction. (Note
that the two nonabelian groups of order 8 viz. D8 and H8 have centers of order 2.) Thus the
number of subgroups of G of order 8 is 21.

9.2 Some Remarks on Tensor Products

We want to consider tensor products over noncommutative rings.

Definition 9.11 Let R and S be rings (not necessarily commutative), and let M be an abelian group
which is both a left R–module and a right S–module such that (rx)s = r(xs) ∀x ∈M, r ∈ R, s ∈ S.
Then M is said to be an (R,S)–bimodule (sometimes written RMS).

Let R be any ring, U a right R–module, and V a left R–module. For any abelian group W , consider
mappings f : U × V →W such that

1. f is biadditive, i.e. additive in each argument.

2. f is R–balanced, i.e. f(ur, v) = f(u, rv) ∀u ∈ U, v ∈ V, r ∈ R.

Construct U ⊗R V (now merely an abelian group!) universal for R–balanced, biadditive maps from
U × V to abelian groups:

U × V
f //

⊗R

��

W

U ⊗R V
∃!f̃

;;v
v

v
v

v

f̃ is a homomorphism of abelian groups.

Existence U ⊗V = A/B, where A is a free abelian group on U ×V and B is a subgroup generated
by

(u+ u′, v)− (u, v)− (u′, v), u, u′ ∈ U
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(u, v + v′)− (u, v)− (u, v′), v, v′ ∈ V
(ur, v)− (u, rv), r ∈ R.

Now suppose that U is an (S,R)–bimodule and V is an (R, T )–bimodule. Then U ⊗R V may be
views as an (S, T )–bimodule in the following way: Suppose that s ∈ S, and consider λs : U × V →
U ⊗R V , (u, v) 7→ su ⊗ v. Then λs is biadditive and R–balanced. (Check this.) Thus λs induces a
homomorphism λ̃s : U ⊗R V → U ⊗R V (which we just denote by “s”):

s
(∑

ui ⊗ vi

)
=
∑

sui ⊗ vi.

We thus obtain a left S–module structure on U⊗RV . Similarly, by considering µt : U×V → U⊗RV ,
we obtain a right T–module structure on U ⊗ V . Hence U ⊗ V is an (S, T )–bimodule.

Example Let G be a finite group and H ≤ G. Suppose that W is a KH–module. Then FG is an
(FG,FH)–bimodule, W is an (FH, (0))–bimodule (i.e. a left FH–module). Thus FG ⊗FH W =
indG

H W is a left FG–module.

9.3 Tensor, Symmetric, and Exterior Algebras

Definition 9.12 Let K be a field. A K–algebra is a K–vector speace A which is also a ring (asso-
ciated with a 1) such that the multiplication map A×A→ A is K–bilinear. A K–algebra homomor-
phism f is a K–linear ring homomorphism (so f(1) = 1), e.g. Mn(K), endK(V ), K[x1, x2, · · · , xn],
and KG.

Let V1, V2, · · · , Vn be K–vector spaces. Define V1 ⊗ V2 ⊗ · · · ⊗ Vn inductively by

v1 ⊗ v2 ⊗ · · · ⊗ vn = (v1 ⊗ v2 ⊗ · · · ⊗ vn−1)⊗ vn.

(There’s a canonical isomorphism from v1⊗v2⊗· · ·⊗vn to the iterated tensor product with any other
bracketing.) If V1, V2 · · · , Vn are finite dimensional, then V1⊗V2⊗· · ·⊗Vn has basis {x1⊗x2⊗· · ·⊗xn}
with the xi running independently through a basis of the Vi.

Define
⊗n

V = V ⊗ V ⊗ · · · ⊗ V︸ ︷︷ ︸
n

to be the nth tensor power of V . Define

T (V ) =
∞⊕

n=0

(⊗n
V
)

(
⊗0 means K). Then T (V ) is a K–vector space. To define a K–bilinear product, it suffices to

define a K–bilinear map (
⊗m

V )× (
⊗n

V ) → T (V ) ∀m,n. Use the isomorphism(⊗m
V
)
⊗
(⊗n

V
)
'
⊗m+n

V.

Make the product of h ∈
⊗m

V and k ∈
⊗n

V the image of h⊗ k in
⊗m+n

V .
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Definition 9.13 T (V ) is the tensor algebra on V . Let i : V → T (V ) be the natural inclusion
map.

Theorem 9.14 If f : V → A is a K–linear map from V to a K–algebra A, then ∃! K–algebra
homomorphism f̂ : T (V ) → A so that the following diagram commutes:

V
f //

i

��

A

T (V )
∃!f̂

==z
z

z
z

Proof For such an f̂ , we need f̂(1) = 1 and f̂(v1 ⊗ v2 ⊗ vn) = f(v1)f(v2) · · · f(vn). So if f̂ exists,
then it is unique, as T (V ) is spanned by 1 and elements of the form v1 ⊗ v2 ⊗ · · · ⊗ vn. We proceed
inductively: Define f̂(1) = 1, f̂ |V = f . Suppose that f̂ |⊗rV is defined (and is K–linear) for r < n.
Consider the map (⊗n−1

V

)
× V → A

(t, vn) 7→ f̂(t)f(vn).

This map is K–bilinear, and so it factors through
(⊗n−1

V
)
⊗ V to give a K–linear map f̂ |⊗nV .

So we obtain a linear map f̂ : T (V ) → A so that f = f̂ ◦ i and

f̂(v1⊗ v2⊗ · · ·⊗ vn) = f̂(v1⊗ v2⊗ · · ·⊗ vn−1)f(vn) = · · · = f(v1)f(v2) · · · f(vn) ∀v1, v2, · · · , vn ∈ V.

So we have

f̂ [(u1 ⊗ u2 ⊗ · ⊗ um)v1 ⊗ v2 ⊗ · · · ⊗ vn)] = f̂(u1 ⊗ u2 ⊗ · · · ⊗ um ⊗ v1 ⊗ v2 ⊗ · · · ⊗ vn)
= f(u1)f(u2) · · · f(um)f(v1)f(v2) · · · f(vn)

= f̂(u1 ⊗ u2 ⊗ · · · ⊗ un)f̂(v1 ⊗ v2 ⊗ · · · ⊗ vn).

Hence T (V ) is spanned by elements h for which f̂(h1h2) = f̂(h1)f̂(h2). Hence f̂ is a ring homomor-
phism via linearity.

Let I be the ideal of T (V ) generated by all {u ⊗ v − v ⊗ u | u, v ∈ V }. (So I consists of sums of
elements t1 − t2, t1, t2 ∈ T (V )). I is a subspace as well as an ideal.

Definition 9.15 The algebra S(V ) := T (V )/I is the symmetric algebra on V . Let i′ : V i→
T (V )

quotient−→ S(V ).

Theorem 9.16
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1. S(V ) is commutative. If f : V → A is a linear map and A is a commutative algebra, then ∃!
K–algebra homomorphism f̂ : S(V ) → A such that the following diagram commutes:

V
f //

i′

��

A

S(V )
∃!f̂

==z
z

z
z

2. If x1, x2, · · · , xm is a basis of V , then S(V ) is just the polynomial algebra K[x1, x2, · · · , xm].

Proof

1. The elements v ∈ V commute with each other, and they generate S(V ). So S(V ) is commuta-
tive. Theorem 9.14 implies ∃!f1 : T (V ) → A such that f = f1◦i. But each u⊗v−v⊗u ∈ ker f1
since A is commutative. So I ≤ ker f1, and so f1 factors through S(V ) = T (V )/I.

2. S(V ) is generated by products of the xis, and so each element in S(V ) is a polynomial in
the xi. But the identity map V → V ≤ K[x1, x2, · · · , xn] extends to a unique homomor-
phism S(V ) → K[x1, x2, · · · , xn] by (1) above, which must be the identity. (Alternatively,
K[x1, x2, · · · , xn] satisfies the right universal property.)

Suppose that charK 6= 2. Let I be the ideal of T (V ) generated by all of the elements v ⊗ v, v ∈ V
(equivalently generated by all elements u⊗ v + v ⊗ u, u, v ∈ V ).

Definition 9.17 The algebra Λ(V ) := T (V )/I is the exterior algebra of V . Let i′′ be the map

i′′ : V i→ T (V )
quotient−→ Λ(V ).

Theorem 9.18 Let A be any K–algebra. If f : V → A is a K–linear map such that f(v)f(v) = 0
∀v ∈ V , then ∃!f : Λ(V ) → A such that the following diagram commutes:

V
f //

i′′

��

A

Λ(V )
∃!f

==z
z

z
z

Proof Similar to Theorem 9.16(1).

Definition 9.19 The nth symmetric and exterior powers of V , Sn(V ) and λn(V ), are the im-
ages of

⊗n
V in S(V ) and λ(V ), respective (and so are the subspaces generated by products of n

elements of V ). (Sn(V ) and λn(V ) have universal properties with respect to n–linear symmetric
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and skew–symmetric forms.)

If V is a KG–module, then T (V ), S(V ), and Λ(V ) are naturally KG–modules, and Sn(V ) and
λn(V ) are submodules. If {x1, x2, · · · , xm} is a basis of V , then Sn(V ) consists of homogeneous
polynomials of degree n in x1, x2, · · · , xm. Hence we can compute the trace of g ∈ G acting on
Sn(V ) with respect to the basis consisting of all monomials

{xr1
1 x

r2
2 · · ·xrm

m |
∑

ri = n}.

Work in the exterior algebra: Let v1, v2, · · · , vn ∈ V . Then vivi+1 + vi+1vi = 0. So

v1v2 · · · vi−1vivi+1 · · · vn + v1v2 · · · vi−1vi+1vi · · · vn = 0.

Hence
vσ(1)vσ(2) · · · vσ(n) = ε(σ)v1v2 · · · vn ∀σ ∈ Sn. (∗)

Since also vv = 0 ∀v ∈ V , it follows that λn(V ) is spanned by xi1xi2 · · ·xin
with i1 < i2 < · · · < in.

(In particular, λn(V ) = 0 if n > m, and dim Λ(V ) is finite if dimV is finite.)

Theorem 9.20 The xi1xi2 · · ·xin
with i1 < i2 < · · · < in form a basis of λn(V ).

Proof Define a K–linear map φ : T (V ) → K by specifying the image of a basis: φ(1) = 0, and for
i1, i2, · · · , it ∈ {1, 2, · · · ,m},

φ (xi1 ⊗ xi2 ⊗ · · · ⊗ xit
) =

{
sgn

(∏
i<k(ij − ik)

)
if the product is nonempty,

0 otherwise.

Now Λ(V ) = T (V )/J , where J is generated as an ideal by elements of the form xr ⊗ xs + xs ⊗ xr.
Thus J is generated as a K–vector space by all elements h⊗ xr ⊗ xs ⊗ k+ h⊗ xs ⊗ xr ⊗ k, where h
and k run through a basis of T (V ). It is easy to check that φ(J) = 0. Now suppose ∃ a nontrivial
relation,

r∑
l=1

λlPl = 0,

where λl ∈ K, and each Pl is of the form xi1xi2 · · ·ximl
, with i1 < i2 < · · · < iml

. Choose the Pls to
make r as small as possible. If r > 1, then some xj appears in some but not all of the Pls. Thus

0 =

(
r∑

l=1

λlPl

)
xj =

r∑
l=1

λl(Plxj).

Now rearrange using (∗) to contradict the minimality of r. So r = 1, and we have a relation of the
form xi1xi2 · · ·xin

= 0, i1 < i2 < · · · < in. Thus xi1 ⊗ xi2 ⊗ · · · ⊗ xin
∈ J , which is a contradiction

from the definition of φ. In particular, if dimV = m, then dimλm(V ) = 1, α ∈ end(V ) induces
scalar multiplication by det(α) on λm(V ).
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Caveat If n > 2, it is not true that ⊗n
V = Sn(V )⊕ λn(V ).

To check this, just compute dimensions!

Now we can compute characters. Let µ1, µ2, · · · , µ)n ∈ K and σ1, σ2, · · · , σn be the elementary
symmetric functions on the µis. (So σr is the sum of the product of the µis taken r at a time.) Then

m∏
i=1

(x− µi) =
m∑

r=0

(−1)rxm−rσ(r), σ0 = 1. (†)

∃Pn(x1, x2, · · · , xm) ∈ Z[x1, x2, · · · , xm] so that µn
1 + µn

2 + · · · + µn
m = Pn(σ1, σ2, · · · , σm) (c.f. p.

190–191 of Lang’s Algebra).

Theorem 9.21 Let G be a finite group, and suppose that V is a CG–module. Then the character
χ of λr(V ) evaluated at g ∈ G is

1. σr(µ1, µ2, · · · , µm), where µ1, µ2, · · · , µm are the eigenvalues of g on V .

2. (−1)r × (coefficient of xm−r in the characteristic polynomial of G on V ).

Proof

1. Let (x1, x2, · · · , xm) be a basis of eigenvectors of g on V . Compute the trace with respect to the
xi1xi2 · · ·xirs, where i1 < i2 < · · · < ir. The contribution from xi1xi2 · · ·xir is µi1µi2 · · ·µir .
Hence (1) holds.

2. This follows immediately from (1) and (†).

Let G be a finite group. The set of complex characters is closed with respect to sums and products
and is contained in the ring of class functions. The character ring RG of G is the subring (of the
ring of class functions) generated by the characters. Each element of RG is of the form χ−φ, where
χ and φ are characters; each element is uniquely expressible as a Z–linear combination of irreducible
characters (uniqueness follows from the fact that irreducible characters are linearly independent).
The elements of RG are called virtual characters.

Theorem 9.22 If n ∈ N is fixed and χ is a complex character, then g 7→ χ(gn) is a virtual character.

Proof Suppose that χ corresponds to a CG–module V of dimension m. Then

Π = Pn

(
χλ1(V ), χλ2(V ), · · · , χλm(V )

)
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is a virtual character. If g ∈ G has eigenvalues µ1, µ2, · · · , µ)m of V , then

Π(g) = Pn (σ1(µ1, µ2, · · · , µm), σ2(µ1, µ2, · · · , µm), · · · , σm(µ1, µ2, · · · , µm))
= µn

1 + µn
2 + · · ·+ µn

m

= χ(gn).

(In fact, this woorks for n ∈ Z since g 7→ χ(g−1) is a character, the contragradient of χ. If χ
corresponds to ρ, then g 7→ ρ(g−1)t is a representation and has character g 7→ χ(g−1).)
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Chapter 10

Character Degrees: The pαqβ

Theorem

Hypotheses G is a finite group, and representations are over C.

10.1 Algebraic Integers

Definition 10.1 An element α ∈ C is an algebraic integer if it satisfies a polynomial equation
αn + c1α

n−1 + · · ·+ cn = 0, all ci ∈ Z, e.g. elements of Z, roots of unity, etc.

Proposition 10.2

1. The set of algebraic integers is a ring. So character values are algebraic integers.

2. If γ ∈ Q and γ is an algebraic integer, then γ ∈ Z. (γ = r
s , say, with (r, s) = 1, and

γn + a1γ
n−1 + · · · + an = 0, so rn − s(a1r

n−1 + a2r
n−2s + · · · + ans

n−1) implies that s | rn,
and so s = ±1.)

3. If y1, y2, · · · , yn ∈ C are not all zero and γ satisfies

N∑
j=1

aijyj = γyi (i = 1, 2, · · · , N),

then γ is an algebraic integer provided all aij ∈ Z. (
∑N

j=1(aij − γδij)yj = 0, each i is nonzero,
and not all aijs are 0. So we have 0 = det(aij − γδij), this is a monic polynomial equation in
γ with integer coefficients.)

Proof

1. We claim that if f(X,Y ) ∈ Z[X,Y ] and α and β are algebraic integers, then so is f(α, β).
Suppose that αn + c1α

n−1 + · · · + cn = βm + d1β
m−1 + · · · + dn = 0. Let y1, y2, · · · , yN} =
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{αiβj | 0 ≤ i ≤ n, 0 ≤ j ≤ m}. Then every αiβj with i, j ≥ 0 is a Z–linear combination of
these. (This follows via induction on i and j, e.g. if i ≥ n, we can use

αn = −c1αn−1 − · · ·

to express αiβj in terms of αkβl already considered.) Hence f(α, β) = γ is a Z–linear com-
bination of y1, y2, · · · , yN . So is γyi, 1 ≤ i ≤ N . Suppose γyi =

∑N
j=1 ajyj . Now the result

follows from (3).

Character values are algebraic integers since they are sums of roots of unity.

Notation G is finite, with conjugacy classes C1 = {1}, C2, · · · , Cd, gi ∈ Ci.

Theorem 10.3 Let χ be a character of an irreducible representation ρ of degree n of G.

1. |Ci|
n χ(gi) is an algebraic integer.

2. n divides |G|.

Proof

2.
|G|
n

=
|G|
n
〈χ, χ〉 =

∑
g∈G

χ(g−1)
(
χ(g)
n

)
=

d∑
i=1

χ(g−1
i )

(
|Ci|

χ(gi)
n

)
.

1. (Recall Proposition 7.10.) Let ck =
∑

g∈Ck
g ∈ center of CG for k = 1, 2, · · · , d. Recall that

the elements c1, c2, · · · , ck form a basis for the center of CG. So for fixed i and for each k, we
have

cick =
d∑

j=1

a
(j)
ik cj ,

a
(j)
ik ∈ Z, j = 1, 2, · · · , d. Now ρ : G → GL(V ) extends to a ring homomorphism ρ : CG →

end(V ). Since ρ(ck) commutes with each ρ(g) (g ∈ G), it follows that ρ(ck) is a CG–module
homomorphism. Thus Schur’s Lemma implies that ρ(ck) is multiplication by a scalar, γk, say.
Write Write I ∈ endV for the identity map. Then

(γiγk)I = (γiI)(γkI) = ρ(ci)ρ(ck) = ρ(cick) =

 d∑
j=1

a
(j)
ik γj

 I.

So

γiγk =
d∑

j=1

a
(j)
ik γj , k = 1, 2, · · · , d.

Now all the γks are zero, e.g. γ1 = 1. Thus Proposition 10.2(3) implies that γi is an algebraic
integer. Now taking traces gives nγi = tr(ρ(ci)) =

∑
g∈Ci

χ(gi), and this implies the result.
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Lemma 10.4 Suppose that α = 1
n

∑n
k=1 ωk, where each ωk is a root of unity. If α is also an algebraic

integer, then α = 0 or ω1 = ω2 = · · · = ωn (so α is a root of unity).

Proof ∃ a root of unity ω such that each ωk is a power of ω. Let f be the minimum (monic)
polynomial of α over Z. Then f is the minimum polynomial of α over Q. The roots are precisely
the images α = α1, α2, · · · , αr of α under the action of Gal(Q(ω)/Q). Thus each αi is of the form
1
n (sum of roots of unity). So |αi| ≤ 1, and unless all ωjs are equal, |α| < 1, and

∏
i |αi| < 1. But

±
∏

i αi is the constant coefficient in f . So
∏

i αi ∈ Z, whence
∏

i αi = 0, and so α = 0.

More Notation χ(1) − 1, χ(2), · · · , χ(d) are the irreducible characters of G. ρ1 = 1, ρ2, · · · , ρd are
the corresponding representations of degrees n1 = 1, 2, · · · , d. Proposition 10.3(1) implies that

|Cj |
ni

χ(i)(gj)

are algebraic integers ∀i, j.

Proposition 10.5 If ni and |Cj | are coprime, then either χ(i)(gj) = 0 or ρi(gj) is multiplication by
a root ω of unity (so χ(i)(gj) = niω).

Proof Since ni and |Cj | are coprime, ∃a, b ∈ Z so that ani + b|Cj | = 1. Let ω1, ω2, · · · , ωn be the
eigenvalues of ρi(gj). Then

1
n

n∑
k=1

ωk =
1
ni
χ(i)(gj) = aχ(i)(gj) + b

(
|Cj |
(
ni)
)
χ(i)(gj).

So 1
nχ

(i)(gj) is an algebraic integer. Lemma 10.4 implies that either χ(i)(gj) = 0 or ω1 = ω2 = · · · =
ωn. So since ∃ a basis of eigenvectors, ρi(gj) is multiplication by ω1.

Proposition 10.6 If |Cj | is a power of a prime p for some j > 1, then G is not nonabelian simple.

Proof Suppose that G is nonabelian simple. If i > 1 and (p, ni) = 1, then by Proposition 10.5,
either

1. χ(i)(gj) = 0

2. ρi(gj) is multiplication by a scalar.

(2) implies ρr(gj) is in the center of ρi(G). Since G is nonabelian simple, ker ρi = {1} (since i > 1),
and the center of ρi(G) is trivial. So ρi(gj) = 1, and so gj = 1, which is a contradiction. Hence for
i > 1, either χ(i)(gj) = 0 or p | ni. Now orthogonality of column 1 and column j gives

0 =
d∑

i=1

χ(i)(1)χ(i)(gj) = 1 +
d∑

i=2

niχ
(i)(gj).
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Thus

−1
p

=
d∑

i=2

ni

p
χ(j)(gj).

Each summand on the RHS is either 0 (if p - n) or an algebraic integer (if p | n), which is a contra-
diction. (See Proposition 10.2(2).)

Recall

1. If |Q| = pm, where p is prime and m ≥ 1, then the center of Q is nontrivial.

2. (Sylow) If |G| = pmr with (p, r) = 1, then G has a subgroup of order pm.

Theorem 10.7 (Burnside’s pαqβ Theorem) If |G| = pαqβ , where p and q are prime and α, β ∈ N,
then G cannot be nonabelian simple.

Proof G has a subgroup Q of order qβ . Let z 6= 1, z ∈ center of Q. The number of conjugates of z
in G is |G : CG(z)|, and Q ≤ CG(z). So

pα =
|G|
|Q|

= |G : CG(z)| |CG(z)|
Q

= |G : CG(z)||Cg(z) : Q|.

Now the result follows from Proposition 10.6.

68


