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Chapter 1

Preliminaries

Question How can we tell whether a polynomial is irreducible?

Definition 1.1 Suppose that R is a unique factorization domain and k the field of fractions of R. If
f € RJz], define the content c(f) of f by ¢(f) = ged(the coefficients of f). (This is only defined up
to a unit factor.) If f € k[z], then 3d € R such that df € R[z]. Then define ¢(f) = ¢(df)/d. (This
is independent of d.)

Lemma 1.2 (Gauss) If f, g € k[x], then ¢(fg) = c(f)c(g).

Proof Tt suffices to assume that f,g € R[z]. Suppose that pis a prime in R not dividing ¢(f)e(g).
Set f(z) =, a;z" and g(z) = > bjz’. Choose i and j minimal such that p{a; and p{b;. Then
the coefficient of %7 in fg is not divisible by p, and so neither is ¢(fg). The proof now follows by
induction on the number of primes in the factorization of ¢(fg).

Corollary 1.3 Suppose that f is irreducible in R[x]. Then f is also irreducible in k[x].

Proof If f is irreducible in R[z] and is not constant, then ¢(f) = 1. Furthermore, if f = gh, with
g,h € klx] and deg g and degh > 0, then Gauss’s Lemma implies that 1 = ¢(g)c(h). Thus

9 h
c(g) c(h)’

which is a contradiction since f is irreducible. So for example to factor a polynomial with integer
coeflicients over the rationals, it suffices to look only at factorizations with integer coefficients.

f=

Theorem 1.4 (Eisenstein’s Criterion) Let p be a prime in a unique factorization domain R. Suppose
that f(z) = apz™ + a1z~ ! + -+ + a, is a polynomial in R[z] such that p {ag, p | a; (i <i < n),
and p® { a,. Then f(z) is irreducible in k[z].



Proof Set I = R/(p), so I is an integral domain. Suppose that f = gh and degg =7 (1 <r < n).
Corollary 1.3 implies that we may assume that g,h € R[z]. Let f,g, and h be the polynomials
in I[z] obtained by reducing the coefficients of f,g, and h modulo p. So f = gh, degg < r, and
degh < n —r. However, f = @ox"™, and so § = ax” and h = Bz"~" for some a, 3 € R (since I is
an integral domain). Thus g(0) = h(0) = 0, i.e. p | g(0) and p | h(0), and so p? | a,, which is a
contradiction.

Theorem 1.5 For each n > 1, let ®,,(x) =[] (2 —(), where the product is over those ( € C of exact
multiplicative order n. Then @, (z) is called the n*® cyclotomic polynomial. Then ®,, € Z[z],
and ®,(z) is irreducible over Q.

Proof First observe that 2™ — 1 = [];,, ®a(x) since these are monic polynomials with the same
distinct roots in C. So, if we assume by induction that ®4(x) € Z[z] for d < n, then it follows first
that ®,(z) € Q[z], and then, by Gauss’s Lemma, that ®,(z) € Z[z]. Now suppose that f is a monic
irreducible factor of ®,,(z); we wish to prove that f = ®,,. We still have to prove that whenever ¢
is a root of f, then so is ¢? for any prime p t n. Set 2™ — 1 = f(x)g(z). If (P is not a root of f, then
it must be a root of g; in this case, ¢ is a root of g(zP). Thus f(z) | g(zP), i.e. g(aP) = f(x)h(zx),
say. Reducing all these polynomials modulo p and using g(zP) = g(x)P, etc. gives

2~ 1= (& = 1) = fa)g(a”) = ) ),

and so f(x)P*1 | (z" — 1)P. So if we factor z™ — 1 in F,[z], it has a square factor, 2, say. Differ-
entiating, we deduce that F divides nz"~!. So 2" — 1 and naz"™ ! have a common factor, which is a
contradiction if p { n.

Recall For each field k, there is a homomorphism ¢ : Z — k given by ¢(n) = 1+14+---+1 (k
times).

Definition 1.6 Suppose that L and K are fields with K C L. Then L is called an extension of
K, and we write L/ K. The degree [L : K| of L over K is the dimension of L viewed as a K—vector
space.

Theorem 1.7 (The Tower Law) Suppose that M D L D K are three fields. Then [M : K] = [M :
L|[L: K].

Proof (The equality means that if either [M : L] or [L : K] is infinite, then so is [M : K|; otherwise
[M : K] is finite and equal to [M : L|[L : K].) If [M : L] or [L : K] is infinite, the result is plain. Let
Z1,%9,-+ , Ty, denote a basis of L/K. Let y1,y2, - ,y, denote a basis of M/L. So each element
of L has a unique expansion 217;1 x;7z (z; € K), and each element of M has a unique expression
of the form Y77, yjw; (w; € L). We claim that the set {z;y; | 1 < < m,1 < j < n} is a basis



of M/K. Forif t € M, then t = 337 yjw; (w; € L), and then w; = 37" 2,25 (25 € K). So
t= Zijxiyjzij, with z;; € K. Since the w;s are unique and so are the z;;s, the set of {z;y,} do
form a basis, as desired.

Definition 1.8 Suppose that C' is a class of extensions L/K. Then C is said to be distinguished
if it satisfies the following conditions:

1. (Tower Property) Whenever M/L and L/K lie in C, then so does M/K.

2. (Lifting Property) If N D L D K and N D M D K are two towers of fields and L/K lies in C,
then so does ML/M. (Here M L denotes the smallest subfield of N containing both M and L.)

N
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Definition 1.9 Let L/K be an extension, and let « € L. We denote by K («) the smallest subfield
of L containing both K and «. (K(a)/K is a simple extension.) If [K(a) : K] < oo, then « is
said to be algebraic. If [K(«) : K] = co, then « is said to be transcendental.

Theorem 1.10 If « is algebraic, then there is an irreducible polynomial f € K[z] with f(a) = 0;
moreover, K (a) ~ K[z]/(f). If a is transcendental, then K (a) ~ K(x) (the field of factors of K[x]).

Proof Consider the homomorphism ¢ : K[x] — K(«) given by ¢(g(z)) = g(«). If « is algebraic
with [K () : K] = n, say, then 1,a,a?,--- ,a™ are linearly dependent over K. So ker ¢ = {0}. If
gh € ker ¢, then g(a)h(a) = 0. Hence either g € ker ¢ or h € ker ¢, i.e. ker ¢ is a prime ideal. K[z]
is a principal ideal domain, and so ker ¢ = (f) for some irreducible polynomial f. ker ¢ is maximal,
so K[z]/(f) is a field. Hence ¢ induces a monomorphism ¢ : K[z]/(f) — K(a). Since Im ¢ is a
field containing both K and «, we hve Im 25 = K(a). If v is transcendental, then ker ¢ = {0}, so ¢
extends to an isomorphism K(x) = K(a).

Definition 1.11 The monic polynomial f above is called the minimal polynomial of « over K.



Theorem 1.12 Let K be a field and f an irreducible polynomial in K[z]. Then 3 an extension L
of K in which f has a root.

Proof Since f is irreducible, the quotient L = K[z]/(f) is a field. Identify K with its image in L
and let « be the image of z in L. Then f(«) = 0, as required.

Corollary 1.13 (To Theorem 1.10) Suppose that L and M are extensions of K containing roots «
and 3, respectively, of f. Then there is an isomorphism o : K(«a) — K(3) such that o |x= idx and

o(a) = p.

Proof By Theorem 1.10, there are isomorphisms ¢ : K[z]/(f) and ¢ : Kz]/(f) — K(8). Set
o=yt

Theorem 1.14 Let K be a field and f a polynomial in K[x]. Then there is an extension L of K in
which f factors completely (i.e. into linear factors).

Proof Exercise.

Definition 1.15 The field L above generated by K and the roots of f is called a splitting field of
f over K.

Example A splitting field over Q of 2* — 5. Let o € Rt be such that a* = 5, and let i € C satisfy
i? = —1. Then z* — 5 = (z — a)(z + a)(z — ia)(z + i), and so z* — 5 factors completely in Q(cv, 7).
Now x* — 5 is irreducible over Q by Eisenstein, and so [Q(«) : Q] = 4. Also 22 +1 is irreducible over
Q(a) since i € R 2 Q(a), so [Q(«v, ) : Q(a)] = 2. Hence [Q(a,4) : Q] = 8 by the Tower Law.

1.1 Ruler and Compass Constructions

Examples of constructions that one can carry out with a straightedge and compass are:
1. Bisecting an angle,
2. Dropping a perpendicular from a point to a line,

3. Drawing a line through a point parallel to a given line, and so dividing an interval into a given
ratio.

We begin with two distinct points Py and P; in the plane. We take P as the origin, and we take as
our first axis the line through Py and P; and as our second axis the line through P, perpendicular



to PyP,. Take PyP; as our unit of distance, and think of each point in the plane as an element
(z,y) e RxR.

Definition 1.16 A real number « is constructible if we can construct a line segment of length
|a| in a finite number of steps from PyP; by using a straightedge and compass. Alternatively, we
say that a point P is constructible if 3 a finite sequence Py, Py, --- , P, = P of points in the plane
with the following property: Let S; = {Py, P1,--- ,P;} for 1 < j <n. For each 2 < j <n, P; is one
of the following:

1. The intersection of two distinct straight lines each joining two points of S;_1,

2. A point of intersection of a straight line joining two points of S;_; and a circle with center a
point of S;_; and radius the distance between two points in S;_1, or

3. A point of intersection of two distinct circles each with center a point of S;_; and radius the
distance between two points in S;_;. (Note that the centers of these circles must be different
if the circles are to intersect.)

Theorem 1.17 If o and 8 are constructible, then so are o + 3, « — 8, a8, and a/f if 5 # 0.

Proof The only difficult cases are af and «/3. Let’s start with ag:



Construct OA with |OA| of length a.. Construct a line [ through O not containing OA. Find points
P and B on | with |OP| =1 and |OB| = 3. Draw PA, and construct I’ through B parallel to PA
and intersecting OA extended at (). By similar triangles, we have

1_ B
a  oQl

and so |0OQ| = af.



Construct OA of length a. Construct a line [ through O not containing OA. Find B and P on
I such that |OB| = 8 and |OP| = 1. Draw BA, and construct !’ through P parallel to BA and
intersecting OA at (). By similar triangles, we have

10Q] _ o
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ie. |0Q| = «a/p.

Corollary 1.18 The set of all constructible real numbers forms a subfield F' of the real numbers.
We have Q C F since Q is the smallest subfield of R.

Theorem 1.19 If P = (z,y) is a constructible point, the extension Q(z,y)/Q is finite, and
[Q(z,y) : Q] = 2" for some r € N.

Proof Since P is constructible, 3 a sequence Py, P, --- , P, = P of points satisfying the requirements
of the definition. Set P; = (z;,y;,), and for each 1 < j < n, set F; = Q(z1,y1,22,%2, - ,Z;,Y;)-
Then Fj11 = Fj(xj41,yj4+1) for 0 < j < n — 1. We shall show that [Fj;1 : F;] = 1 or 2; then by
the Tower Law, [F,, : Fo] = [F, : Q] = 2° for some s. Now Q(z,y) = Q(zn,yn) is a subfield of
F,, containing Q. So applying the Tower Law again gives [F}, : Q(z,v)][Q(z,y) : Q] = 2°, whence
[Q(z,y) : Q] = 2" for some r. To show that [F;4q1 : F}] =1 or 2,

1. If (a1,b1), (a2, b2) € S;, then the equation of the line joining these points is (x — az) (b1 — b2) =
(a1 — a2)(y — ba). So this has the form Az + py + v =0, with A, u, vy € F}.

2. The equation of the circle with center (a1, b;) and radius the distance between (az,b) and
(az,bs) in S; is (z —a1)? + (y — b1)? = (a2 — a3)? + (ba — b3)?; this has the form 22 + y* +
29x +2fy 4+ ¢ =0, with f,g,c € Fj. There are three cases to consider:

(a) (zj+1,Y;j+1) is the intersection of two distinct straight lines each joining two points of S;.
(b) (Sj+1,¥j+1) is a point of intersection of an appropriate straight line and a circle.

(¢) (zj+1,Yj+1) is a point of intersection of two appropriate circles.

Exercise Show that in each case [Fj;1 : Fj] =1 or 2.

Theorem 1.20 “Squaring the circle” is impossible, i.e. it is not possible to construct a square equal
in area to the area of a circle of radius 1.

Proof The circle has an area of 7, and so we would have to construct a square of side /7. So 7
would have to be algebraic over Q of degree 2™ for some m > 0. But this is a contradiction since
Lindemann proved in 1882 that 7 is transcendental.

Theorem 1.21 “Duplicating the cube” is impossible, i.e. given a side of a cube, it is not always
possible to construct the side of another cube whose volume is twice that of the original cube.

Proof Suppose that the original cube has side 1. The cube being sought would have volume 2
and hence a side of /2. But /2 is a zero of the irreducible (over Q) polynomial z* — 2. So
[Q(v/2) : Q] = 3. So V/2 is not constructible.



Theorem 1.22 “Trisecting the angle” is impossible, i.e. 3 an angle that cannot be trisected using
straightedge and compass.

Proof First observe that an angle 6 can be constructed iff a line segment of length | cos | can be
constructed:

IR 8

kg

Set @ = 3/3; then we must solve the equation cos 33 = cos@ = ), say. Now cos 33 = 4 cos® 3 = 3 cos 3.
So we must solve the equation 4cos® 3 — 3cos 3 = A, i.e. 42° — 3z = X\. Now e.g. for A = 1/2 (i.e.
6 = 60°), the equation becomes (we put y = 2x) y> — 3y — 1 = 0. But this is irreducible over Q (put
y = z+ 1 and apply Eisenstein).
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Chapter 2

Embeddings

Henceforth all extensions will be finite, unless otherwise specified. Throughout this chapter, L/k
will denote a fized, sufficiently large extension, i.e. L contains all roots of various polynomials over
k. So L remains fixed, and for each extension K/k, we look at the k—embedding of K in L, i.e.
field homomorphisms ¢ : K — L such that o |p= idy.

Lemma 2.1 Let K = k(a) be a simple extension of k& with f the minimal polynomial of « over k
and aq,- - ,a, the distinct roots of f in L. Then there are precisely r k—embeddings o1,05 -+ , 0,
of K in L determined by o;(a) = ay, i =1,2,-- 7.

Proof We have already shown that for each ¢ = 1,2,--- ,r, 3 a k—embedding o; : K — L with
oi(a) = ay; (Corollary 1.13). Recall that o; was constructed as follows:

~ k(OtZ‘) C L.

Conversely, suppose that o is a k-~embedding of K in L. Then f(ca) = (of)(a) = f(a) = 0 (as
the coefficients of f are unaffected by o). Thus ca = «; for some ¢ = 1,2,--- ,r, and so 0 = 0y, as
required.

The following result is critical.

Theorem 2.2 (Artin’s Extension Theorem) Suppose that ¢ : k — M is a field isomorphism and
f is an irreducible polynomial in k[z] possessing a root « in an extension K. Then of is an irre-
ducible polynomial in M{z], and if § is root of o f in an extension L of M, then 3 an isomorphism
T : k(o) — M(fB) such that 7 |,= o and 7(a) = 5.

Proof If o f were to factor in M|[z] as gh, then we would have f = (67 1g)(c71h), so of is indeed
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irreducible. We now obtain 7 by composing the following isomorphisms:

Point Since we can “lift” an embedding to any simple extension, we can by induction embed any
extension.

Corollary 2.3 Let f € k[a] and K and L be two splitting fields for f over k. Then there is a
k—isomorphism K — L.

Proof Let oy, s, -+, ay, be the roots of f in K. Then each rung of the following ladder is obtained
by applying Artin’s Theorem to the previous rung:

K=k oz ) 7= L= )
k(ozlé, az) k(B1, B2)
k(o) k(B1)
\ k /
Here (1,05, -+ , B, denote the roots of f in L in some order.
Note The order of the roots (1,32, -, B, may not be determined arbitrarily, e.g. if ooy = f1,

then it follows that if g € k[z] and g(a1) = 0, then g(81) = 0, so a1 and f; are roots of the same
irreducible factor of f.

Theorem 2.4 Let K/k be a finite extension. Then there are at most [K : k] k—embeddings of K in
L.

Proof If K = k(a) and « has minimal polynomial f, then each k—embedding of K in L corresponds
to a root of f in L, of which there are at most deg f = [K : k]. Now assume the result is true for all
extensions of smaller degree than [K : k|. Let M # K be an extension of k£ with [K : M] minimal.
Then K = M («), for some « and M, has at most [M : k] k—embeddings into L, and each of these
has at most [K : M] extensions to K. Thus there are at most [K : k] embeddings in all.

12



When is this bound attained?

If @« € K with minimal polynomial f over k, then we require f to have distinct roots (in some
extension of k). In this case, a (and f) are said to be separable over k.

Theorem 2.5 Let K/k be a separable extension. Then there are exactly [K : k] k—embeddings of
K in L. Conversely, if K/k is an extension for which there are [K : k] k—embeddings in L, then K/k
is separable.

Proof The result is clearly true if K/k is simple. Assuming that the result is true for extensions of
smaller degree, let M # K be such that [K : M| is minimal, so K = M(«) for some o € K. We
claim that « is separable over M. To prove this, note that if f is its minimal polynomial over k
and g is its minimal polynomial over M, then g | f, and so g also has distinct roots. Thus there
are [M : k| k—embeddings of M in L by assumption, and by Artin’s Law, each of these extends in
[K : M] ways to embeddings of K in L; thus there are [K : M][K : k] = [K : k] k—embeddings in all.

For the converse, first observe that if « € K is inseparable over k, then there are no fewer than
[k(c) : k] embeddings of k(a) in L. By Theorem 2.4, each yields at most [K : k()] embeddings of
K in L, and so there are fewer than [K : k] in all. Hence each a € R is separable over k.

Theorem 2.6 (The Primitive Element Theorem) Let K/k be a finite, separable extension. Then
K/E is simple.

ProofIf K is finite, then K has a cyclic multiplicative group whose generator generates the extension
K /k. Suppose that k is infinite. By induction on the number of generators, it suffices to treat the case
K =k(a,B). Let n = [K : k] and 01,09, ,0, be the distinct k—embeddings of K in L. Consider
a general element v € K. When is v a primitive element? If 17,027, -+ ,0,7 are dictinct, then
[k(7) : k] > n, and so K = k(y). Conversely, if K = k(v), then o; is determined by 0,7, and so
017,027, -+ , 0,7y are distinct. If we choose v = a + A3, with A € k, we merely have to ensure that

oo+ Aoy # oja+ Ao B for ¢ # j.

Since k is infinite, we can choose such a .

Note To find a primitive element, we construct oy, 09, - -- , 0, and then find v with o1y, 027y, -+ , 0,7y
distinct.

Example Find all primitive elements of Q(v/2,v3)/Q. Let L = C and K = Q(v/2,v/3), where
V2,v/3 € RT. Then 22 — 2 is irreducible over Q by Eisenstein; hence [Q(v/2) : Q] = 2, and so 3
two Q-embeddings oy and o9 of Q(v/2) into L given by o1(v/2) = /2 and 02(v/2) = —v/2. Now
consider z2 — 3. If this were reducible over Q(\/?), then we would have a,b € Q with V3 =a+b/2.
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Then 3 = a? + 2b% + 2abv/2, and this implies that ab = 0, which is a contradiction. Hence 22 — 3 is
irreducible over Q(v/2), and so it follows that [Q(v/2,v/3) : Q] = 4. There are 4 embeddings 7, 72, 73,
and 74 of K in L with 7 (v3) = 13(V3) = V3, =(V3) = 14(V3) = —V3, 1(V2) = »(V2) = V2,
and 73(v/2) = 74(v/2) = —v/2. So 7 lo(vz)= o1-

Any element « € Q(\@, \/3) can be written uniquely in the form a = a+bv2+c¢v/3+dV6 (see proof
of the Tower Law), and « is primitive iff 1 a, 7o, T30, and 740 are distinct. Now e.g. a0 = moav if
¢ =d = 0. Show that « is primitive iff no two of b, ¢, and d are zero.

Theorem 2.7 Suppose that aj, a9, - ,a, € K are separable over k. Then k(ay, g, - ,ap)/k is
separable.
Proof Let my = [k(a1, a9, , ;) : k(ag, e, -+ ya;-1)] for i = 1,2,--+ ,n. So [k(ar, a2, -, ) :

k] = TTi_, mi. By applying Artin’s Theorem, we may construct each rung of the following ladder:

K= k(al,?2,~-- s Q) o= L= KBy, Bay e Ba)
k(af, ) k(B1, B2)
k(ay) k(B1)
\ k /

The (i — 1)** rung may be lifted in m; ways to the i'" rung. Hence we may construct myms - --m,,
k—embeddings of k(a1,asa, - ,a,) in L. Hence by Theorem 2.5, k(aq, e, -+, ay,)/k is separable.

Corollary 2.8 Let K/k be an algebraic extension. Let S be the set of elements of K that are
separable over k. Then S is a field and is separable over k.

Proof Exercise.

Corollary 2.9 Separable extensions form a distinguished class.

Remark We may define differentiation in k[z] purely formally: if f(z) = Y"1, a;z%, then f/(z) =
Sor jiaz™t If ais a double root of f in L, i.e. (z — a)? | f(z), then (z — ) | f/(z). Soif f is
irreducible, then since deg f < deg f, it follows that either f has distinct roots (in any extension)

or f = 0. The latter happens only in positive characteristics.
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So inseparability can only occur in characteristic p, and in this case, if f is irreducible, then f is
inseparable iff f(z) € k[zP].

Definition 2.10 Say that « is purely separable over k if its minimal polynomial f has all of its
roots equal to . Say that K/k is purely inseparable if every element of K is purely inseparable.

Theorem 2.11 Let K/k, with char k = p. Then the following are equivalent:
1. K/k is purely inseparable.
2. K has just one k—embedding in L.

3. In such that o?” € k for each a € K.

Proof We first show that (1) is equivalent to (2). Suppose that K/k is purely inseparable. Then if
L' is any intermediate field, L'/k is purely inseparable. Moreover, if & € K with minimal polynomial
f over k and g over L, then g | f, and so all of the roots of g are equal. Thus K is purely inseparable
over L'. Thus (c.f. the proof of Theorem 2.5) Artin’s Extension Theorem implies that there is just
one k—embedding of K in L. Conversely, if K/k is not purely inseparable, say a € K is not, then
there are at least two k—embeddings of k() in L. Artin’s Theorem implies hat we can life these two
disjoint k—embeddings of K in L. So (1) is equivalent to (2).

We now show that (3) implies (1). Suppose that a?” = 3 € k. Then « satisfies 27" — § = 0. Now
char k = p, and so 2" = (z — a)P". So the minimal polynomial of o (which divides 27" — ) has all
of its roots equal to .

Finally, we show that (1) implies (3). Suppose that « is purely inseparable over k. Then its minimal
polynomial f factors in k(a) as (x — a)™, say. Set m = p®b with ptb. The coefficient of 2P in f is

(pab> (—a)P" =D ¢ k.

pa

Since p { (’;:ab), we have a?"(®*=1) ¢ k. Hence « satisfies 2" (*=1) — o?"(®=1) = 0 a polynomial of

smaller degree than f. Hence b =1, m = p*, and aP® € k. Now let a1, aq, -+ ,a, be a k-basis of
K, and let n be such that a?" € kfori =1,2,--- ,n. Thenifa € K, a = Zlexiai, xr; € k, and so

T
n n o
of :E P o €k
i=1

Thus (1) implies (3).
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Chapter 3

The Fundamental Theorem of
Galois Theory

Throughout this chapter, K/k is a finite extension.

Let G be the group of k—automorphisms of k. The aim is to use information about G to deduce
information about K.

Example Let k = Q and K = Q(+/2) C R. Any Q-automorphism o of K satisfies {ov/2}® = 2. But
the other cube roots of 2 lie outside R, so 0(\3/5) = \3/5, and hence o = id. So we have distinguished
by G alone between k = Q and K = Q(V/2).

The problem is that K is too small; it does not contain the other cube roots of 2. Take instead
K = Q(¥/2,w), where w? + w+1 =0, w € C. Then K has six Q-automorphisms (take K = L in
Theorem 2.5) because K is a “sufficiently large extension” in the previous sense.

Definition 3.1 An extension K/k is normal if, whenever L/K is an extension and o is a k—
embedding of K in L, then o(K) = K.

Theorem 3.2 Let K/k be a finite extension. Then the following are equivalent:
1. K/k is normal.
2. If @ € K has minimal polynomial f over k, then f factors completely in K.

3. K is the splitting field of some polynomial over k.

Proof First we shall show that (1) implies (2). To do this, let L be a splitting field for f over K,
and let 8 be any root of f in L. By Artin’s Theorem, there is a k—embedding o of K in L such that
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o(a) = 8. Since o(K) = K, 8 € K, and f factors completely in K, as required.

Now we shall show that (2) implies (3). To do this, suppose that K/k is generated by aq, aga,- - , ay,
with minimial polynomials f1, fa,--- , f. (respectively). Let f = fifa--- fr. Then f factors com-
pletely in K, and its roots generate K/k. Thus K is the splitting field for f over k.

Finally, we shall show that (3) implies (1). Suppose that K is the splitting field for f over k and
that f has roots ay, s, -+ ,a, in K. If ¢ is a k—embedding of K in L, then

f(oa) = (o)) = f(aj) = 0.

So oaj = a; for some . Since o is one-to-one, it follows that ¢ permutes the set {1, g, -, an}.
As these generate K/k, we have o(K) = K.

Definition 3.3 An extension K/k which is both separable and normal is said to be Galois. The
group G of k—automorphisms of K is called the Galois group of K/k and is written Gal(K/k).
Theorem 2.5 implies that |G| = |K : k.

Associated with any subgroup H of G is the subfield of K given by
Fix(H)={z € K :0x =aVo € H}.
Associated with any intermediate field L (i.e. K C L C K) is a subgroup

Gal(K/L)={oc e G:o|L=1dL}.

Theorem 3.4 (The Fundamental Theorem of Galois Theory) Let K/k be a finite Galois extension
with Galois group G.

1. The maps I : H — Fix(H) and J : L — Gal(K/L) between subgroups of G and fields
intermediate between k and K are inverse bijections.

2. The maps I and J induce a correspondence between normal subgroups of G and normal
extensions of k (contained in K). If L/k is normal, with ¥ C L C K, then Gal(L/k) ~ G/(L).

3. I and J are lattice—preserving isomorphisms. This means

(a) H C K'iff I(H) > I(K").
(b) I(HNK') = I(H)I(K").
(¢c) I{H,K') = I(H) N I(K").

Proof
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1. First observe that clearly H C (Jol)(H) and L C (IoJ)(L) for each H and L. So |(JoI)(H)| >
|H|, and [K : L] > [K : (I o J)(L)]. Theorem 2.5 implies that |J(L)| = [K : L]. Theorem
2.4 implies that |H| < [K : I(H)]. To establish the reverse inequality, we use the Primitive
Element Theorem. Let v be a primitive element for K/k. Consider the polynomial

7@ = ] (e - oa).

oc€EH

If 7 € H, the map o — o7 permutes the elements of H. Hence this map preserves f. So f has
coefficients in I(H) = Fix(H), and thus [K : I(H)] < |H|, as required. So |H| = [K : I(H)].
Hence we have |(JoI)(H)| = [K : I(H)] = |H| and [K : (Jo I)(L)] = |J(L)| = [K : L], so
J ol and I o J are both identity maps, as required.

2. Suppose first that H < G, x € Fix(H), and 7 € G. For each ¢ € H, we have o7(z) =
T(t7tor)(x) = 7(x), so 7(x) € Fix(H). Hence 7(Fix(H)) = Fix(H) for each 7(G), and so
Fix(H)/k is a normal extension. Conversely, suppose that L/k is normal and 7 € Gal(K/L).
Ifle Land o € G, then c =m € L. But

o lra(l) =0 tr(m) =0t (m) = L.

Hence 0~ 170 € Gal(K/l), and so Gal(K/L) < G. The map o ~ o | induces the required
isomorphism.

3. Exercise, e.g.

IH)NIK') = {z|ox=xforce HUK'}
= {z|ox=xforoc=(H K')}
I{H,K'), etc.

Example Let K denote the splitting field of 2% — 2 over Q. Determine Gal(K/Q). Find all the
subfields of K and all inclusion relations between them, identifying which ones are normal over Q.

Let o € R satisfy a* = 2, and let i € C satisfy i> = —1. Since
2t =2 = (z - a)(z+ a)(z —ia)(z + ia),

we have K = Q(a,i). Eisenstein implies that z* — 2 is irreducible over Q, so [Q(a) : Q] = 4.
Moreover, i ¢ R D Q(«), so [Q(a,4) : Q(er)] =2, and hence [K : Q] = 8. Let X = {a, —«, ia, —ia}.
Then G = Gal(K/Q) permutes X, and |G| = 8. Let S be a square with vertices labelled by the
elements of X, and let Dg be the group of rigid motions of S:



If o € G, then o(—a) = oa, so o(—«) and oo are “opposite” one another. Thus G C Dg, and so
G = Ds, as |G| = |D8|

Now Dg = (o, 7), where o is a rotation by 7/2 and 7 is a reflection in «, —« axis, and 0% = 72 = 1,
and 707 = 01, Thus oa = ia, o(ia) = —a, 7(ia) = —ia, etc. In Dg, o and o2 have order 4; other
elements have order 2.

Any subgroup of index 2 is normal, but only (o2) of order 2 is. Some obvious subfields are Q(a),
Q(ia), Q(3), Q(a?), and Q(ia?) (a? = /2, and ia? = /=2). Now Ta = «, so Q(a) C Fix((1)),
and they are in fact equal since their degrees over Q are. Similarly, Q(ia) = Fix((¢?)) and Q(i) =
Fix({o)). Now if 3 € K, then § + o7 € Fix({o7)). Hence Q(a + iar) = Fix({oT)), for [K :
Q(a+ia)] <2, as we only need to adjoin i to Q(a+ia) to get K. Similarly, Q(a —ia) = Fix({o37)).

Qo — i) Qo+ ia) Q(a?,1) Q) Q(ia)

I RN

Q(iar)? Qi) Q(a?)

Remarks

1. Always start with a fixed model for K (e.g. if K/Q is algebraic, take K in C). If the group
field is not Q, then you need to invent a particular model.

2. The first step is to calculate [K : Q]. This involves showing that that polynomial is irreducible.

3. You now know what |G| is and that G < Sx. Therefore, guess what G is, and then prove
it. (The only other ways are either to use Artin’s Theorem to build up sufficiently many
extensions or to use some more advanced group theory, e.g. Artin’s Theorem implies that
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Jdo € G with o(a) = ia and o(i) = i. Also 3 a complex conjugate 7. Thus |{o,7)| = 8 after
some computation.)

4. It’s not enough to say “The Gaois group is Dg.” What is meant is “it is isomorphic to Dg.”

A Galois group is a group of permutations of K. Dg = (0,7 : 0* = 72 = 1,707 = o7 }).

o(a) =ia, o(i) =i, 7(a) = a, and 7(i) = i. All other information can be deduced from this.

5. Use common sense and intelligent guesswork to compute fixed fields.

Example (Extensions with the Symmetric Group as Galois Group) Let k be any field, and set

E = k(z1,x2, - ,x,), where the z;s are independent indeterminants. Then E admits S,, as a group
of k—automorphisms. The fixed field F' of S,, in E consists of all symmetric functions in the x;s over
k. Let e1,ea, - , e, be the elementary symmetric functions in the x;s. Then k(ej,eq, - ,e,) C F,

and the xz;s are the roots of the equation

[[t—z)=t"—eit" "+ 4 (1), =0.

i=1

Plainly, k is a splitting field of this equation over k(e1,ea,- - ,e,). Hence [E : k(e1, ez, -+ ,e,)] = n!
since there are at least |\S,,| = n! automorphisms of E/k(e1, €2, - ,e,). Hence F' = k(eq, ez, ,€n)
and [E : F| =n!, Gal(E/F) ~ S,. In particular,

1. Every symmetric function in z1,z9,- - ,x, is a rational function in eq,eq, -, e,.

2. Every finite group occurs as the Galois group of some extension. (See Serre’s Topics in Galois
Theory.)
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Chapter 4

Solubility

1. Recall that a finite group G is soluble if there is a chain
{1} =Go<Gi<1---<1G, =G
of subgroups of G with G; < G;41 and G;/G;_1 is cyclic for i =1,2,--- | n.
2. If H < @G and G is soluble, then H is soluble.
3. If H <G, then G is soluble iff H and G/H are soluble.

4. An abelian group is soluble.

Assume char £ = 0.

Definition 4.1 An extension K/k is said to be soluble by radicals if there is a chain
k=KoCcK,C---CK,

of fields with K C K,, and elements «; and integers m; for i = 1,2,--- ,n such that K; = K;_1(«)
and o € K;_1. The extension K;/K;_; is called a radical extension.

Definition 4.2 An extension K/k is soluble if, when L denotes the normal closure of K/k, then
the group Gal(L/k) is soluble.

We want to prove an important theorem, which states that an extension K/k is soluble iff K/k is
soluble by radicals.

Soluble groups are built up out of cyclic groups. Extensions soluble by radicals are built up out
of radical extensions. So we need to prove that radical extensions have cyclic Galois groups, and
conversely this is almost true.
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Lemma 4.3 Suppose that k(«)/k is an extension with o™ € k. Suppose further than k contains an
element of multiplicative order n. Then k(«)/k is Galois with cyclic group of order dividing n.

Proof Let w € k have multiplicative order n. Write 8 = o™ € k. Then 2™ — 3 factors in k() as
[T, (z — wia), so k(a)/k is Galois with group G, say. If 0 € G, then o(a) = w'a for some i.

i=1

Let 6 : G — Z/nZ denote the map o + i. Verify that o is a monomorphism. If the n*® roots of
unity are not already present, then we adjoin them; this does not affect solubility.

Lemma 4.4 Suppose that k is a field and K is the splitting field for 2™ — 1 over k. Then Gal(K/k)
is abelian.

Proof Let w be a primitive n'" root of unity in K. If 0 € Gal(K/k), then ow = w", with (r,n) = 1.
The map ® : Gal(K/k) — (Z/nZ)* given by ®(o) = r is easily shown to be a monomorphism.

Lemma 4.5 (Linear Independence of Character) Suppose that G is any group, K is a field, and
1,9, -+, ¢ are distinct multiplicative homomorphisms G — K*. Then 1,3, - - , 1, is linearly
independent over K.

Proof Suppose that Jaq, a9, -+ , o, € K, not all zero, such that Vg € G, we have

a1¥1(g) + a2tba(g) + - - + anPn(g) = 0. (*)

We may assume that ajag # 0. Let h be an element of G with i1 (h) # ¥2(h). Replacing g by gh
in (*), we obtain

a1 (g)P1(h) + aztha(g)b2(h) + -+ - + anthn(g)¥n(h) = 0. ()

Multiplying (*) be %1 (h) and subtracting (%), we achieve a smaller nontrivial relation.

Now we shall show that a cyclic extension is radical.

Lemma 4.6 (Hilbert’s Theorem 90) Suppose that K /k is a Galois extension of degree n with cyclic
Galois group. Suppose further that k& contains all n'" roots of unity. Then 3o € K such that
k =k(a) and o™ € k.

Proof Suppose that Gal(K/k) = (o) and let w € k be a primitive n'® root of unity. It suf-

fices to find a nonzero element a@ € K with ca = wa. For then, ca™ = (wa)” = a”, so
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a" € Fix(c) = k, whilst a,0a,---,0" L are distinct, and so K = k(«). If 8 is any element

of K, then a = B+ w™1o(B) + -+ + wl ™0™ 1(B) satisfies ca = wa. Lemma 4.5 (with G = K*)
implies that there is some (§ for which « does not vanish.

Theorem 4.7 An extension K /k is soluble iff K/k is soluble by radicals.

Proof Suppose first that K/k is soluble. Let L be a normal closure of K and set n = [L : kJ.
Adjoin a primitive n*" root of unity w to L, so L(w)/k is Galois with group G, say. Suppose that
L = Fix(A) and k(w) = Fix(B). So we have the following diagram:

L/L(W)\k(w) A/{l}\B
TN

Fix {1} = L(w) = Fix(A)Fix(B), and so AN B = {1} (part (i) of Theorem 3.4). So AN B = {1},
A <G, and B < G. Hence B is isomorphic to a subgroup of G/A = Gal(L/k), which is soluble by
assumption. Thus 3 a chain of subgroups {1} = By < By <---< B,, = B, with each B;/B;_1 cyclic.
Thus we obtain a chain of fields

k C k(w) = Fix(B) C Fix(= Bp_1) C -~ C Fix(By) = L(w).

By Hilbert’s Theorem 90 (since |B| | n), 3oy € Fix(B;—1 with Fix(B;_1) = Fix(B;)(«;) and
a;" € Fix(B;), with m; = [B; ;;_1]. So K/k is soluble by radicals, as required.

Suppose conversely that K/k is soluble by radicals. So 3 a chain
k=KoCcKyC---CK,=F,

with K; = K;_1(o), of"" € K;_; and E D K. Let n = [[*, m;, L be a normal closure of E/k, and

w be a primitive n'® root of unity, which we can join to L. Then L(w)/k is Gaois, with group G,
say.
We can reach L(w from k(w by a series of radical extensions as follows: Let 1 = o1, 09, - , 0, denote

the elements of G. Then each step of the tower below is made up of radical steps:
Fs_ 1 C Fs_q1(0s01) C Fs_1(0s1,0509) C -+ C Fs_1(0s01,0500,- - ,05a,) = Fj.
Let the complete tower be denoted by
kCkw)CLiCLyC---C L = L(w),
where L; = L;—1(0;), Bi"" € L;—y for some n; | n. By Lemma 4.3, it follows that each L;/L;_; is

a Galois extension with cyclic Galois group. Converting this tower into subgroups of G, we deduce
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that G is soluble and thus that Gal(L/k) is soluble, as required.

Example (The Quadratic Equation) Let f(z) = 22 + bz + c. Then the roots of f are given by
—b+ Vb2 —4c
—

There are no roots of unity to adjoin, as 22 — 1 already splits. So K is a splitting field for f over
k. Hence K/k is Galois of degree 1 or 2. Suppose that [K : k] = 2 and G = (¢) = Gal(K/k). Via
Hilbert’s Theorem 90, we look at oo = 3 — o3 for 3 € K. Thus oa = —q, so a® € k. Thus if £; and
(B2 are the roots of f, then o = 31 — 35 satisfies

o = (61— B2)? —4B152 = b? — 4de.

Since (1 + B2 = —b, we obtain the solution.

Example (The General Cubic Equation) Let f(z) = 2% + ax? + bz + ¢. Adjoin w to k, where
w?2+w+1 =0, sow is a primitive cube root of unity. The Galois group of f over k(w) is a subgroup
of S3 with composition series {1} <1 A3 <1 S3. If 81, B2, and (3 are the roots of f, then we consider
ar; = 1+ w?By +wphs and ag = By + wfs + w?B3. Then af + a3 and ajaj are invariant under S3
and so lie in k(w). Hence we obtain a formula for a; and a3, and so from the above together with
the fact 61 + (B2 + B3 = —a, we get the cubic equation.

Example (The General Quartic Equation) Let f(x) = 2*+axz3+bx?+cz+d. Suppose that the roots

are 31, (B2, B3, and B4. Observe that if a3 = 8162 + 8384, az = B183 + G254, and az = 3154 + B2/33,
then «ay, ag, and ag are permuted by S;. Thus oy, ag, and ag are the roots of some cubic which

may be determined.

What happens in charactaristic p > 07 First observe that a cyclic Galois extension of degree p
cannot be of the form k(a!/?)/k, since this is purely inseparable.

Lemma 4.8 Suppose that char k =p > 0.
1. If K/k is a Galois extension of degree p, then 3o € K such that K = k(a) and o?p — « € k.
2. Conversely, for each a € k, consider the polynomial P — x — a. Either it has a root in k, in
which case all the roots are in k, or it is irreducible over k. In the latter case, if « is a root,
then k(a)/k is a Galois extension of degree p.
Proof Suppose that we find a € K such that caw = a+ 1. Then
ol —a) = (ca)’ —oa=a? —a.
So a? — a € k, as required. Furthermore, since o € k, K = k(). Choose

y=—-B-200—-—(p—1)aP28.
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Then
oy—y=B+0B+---+oP1B=6¢ck.

Linear independence of characters implies that 30 € K with § # 0. Set o = /4.

Conversely, consider the polynomial f(x) = 2P — x — a. If « € k is a root, then f(z) factors as

On the other hand, if f has no roots in k, let K = k(a). Then f factors in K with Galois group G,
say. If 0 € G, ca = a+r, say (r #0). Then o has order p. So |G| > p, f is irreducible over k, and
|G| =p.

Definition 4.9 An extension K of a field k of char p > 0 is said to be soluble by radicals if K/k
is separable and there is a chain
k}:KoCK1C"'CKm

of fields with K, D K such that for each ¢, 3 an element «; € L; with K; = K;_1(a;) and either
a™ € K;_y with ptm; or of —a; € K;_4.

Theorem 4.10 Let K/k be a finite separable extension with char &k = p > 0. Then K/k is soluble
by radicals iff K/k is soluble.

Proof Exercise.
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Chapter 5

Miscellanea

5.1 Finite Fields

Theorem 5.1 Let K be a finite field. Then the multiplicative group K * is cyclic.

Proof Let m = |[K*|= p1"'pa" - - - ps"= be the decomposition into primes. For each i, 3z € K with
x™/Pi £ 1 (since 2 — 1 has at most n roots for any n). So x; = z™/P:"" has order p]'. We claim
that y = x122 - - - x5 has order m. Suppose not. Then y has order ¢ with ¢ | m, so some p; | . Then
1 = y™/Ps = g;7/Pi which is a contradiction. Hence y has order m, and K* is cyclic.

Theorem 5.2 Suppose that K is a finite field of order q. Then ¢ is a power of some prime, say
g =p", and K is a splitting field over F, of 29 — x. Moreover, K /F,, is Galois of order n with cyclic
Galois group generated by o : x — xP. Conversely, for each integer n, 3 a field of order p™.

Proof Let p = char K. So F, C K, and [K : F,] = n. If 21,22, -+, 2, are an F,—basis of K,
then every element of K can be written uniquely in the form Z?:l Aizi, Aj € Fp,. Hence g = p™, as
asserted. If 0 # x € K, then 7 = 1, and so every x € K satisfies 9 = x. Hence K is a splitting
field for £ — x over ).

The map o : x — 2P is an automorphism of K fixing F,, and ¢” = 1. If 0™ = 1, then " =z
Vr € K. So p™ > |K| = ¢q. Thus ¢ has order n, and (¢) = Gal(K/F,. Finally, for each n € N, let
L be a splitting field of #?" — z in L. Verify that S forms a field, and since the roots are distinct,
|S| = p™, as required.

Notation We write L = F,, and ¢ is the Frobenius automorhpism.
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5.2 Transcendental Extensions

Definition 5.3 Suppose that K/k is an extension (not necessarily finite). A set S in K is alge-
braically independent over k if whenever x1,x9, - ,z, € S and f € k[x1,x9, - ,xz,] satisfies
flz1, 29, - ,2,) € S and f € k[x1,xo,- -+ ,x,] satisfies f(x1, 29, -+ ,z,) = 0, then f = 0. In this
case, the field k(s) is isomorphic to the field of fractions of the ring k[z; : s € S] of polynomials over
k is | S| indeterminates.

Definition 5.4 A set S is called a transcendence basis of K/k if S is algebraically independent
over k and K/k(S) is algebraic.

Theorem 5.5 Suppose that S and T are transcendence bases of K/k and S is finite. Then T is
finite, and |S| = |T|.

Proof Suppose that |T| > |S| = n and T D {x1,22, - ,z,}. Let S = {y1,92, -+ ,yn}. We still
have to prove that {x1,x9, -+ ,x,} forms a transcendence basis. Now x; is algebraic over k(.5), so
3 a polynomial 0 # f € k[z1,y1,Y2, -, yn] With f(z1,y1,%2, - ,yn) = 0. Now z is transcendental
overk, so f involves some y, say y1. Then y; is algebraic over k(z1,y2,¥s3, " ,¥n), so K is also.
Also, x1,y2,vs3, - ,Yn are algebraically independent because otherwise x; would be algebraic over
Y2,Y3, " »Yn, and so y; would be also. Hence x1,¥2,¥ys, - ,yn i a transcendence basis of K/k.
Repeating this argument, we deduce that x1,zs,--- ,z, is a transcendence basis, as required.

Notation We write [K : k], = |S] if |S] < oo, otherwise [K : k]i,. = oco. If K/k is algebraic, then
S =0, and we write [K : k]t = 0.

Theorem 5.6 Suppose that L/k and K/k are two extensions. Then [L : k)]s = [L @ Kl + [K : kg

Proof If either [Lk]s or [K : k] = oo, then plainly [L : k]t = oo. So suppose that x1,zo, -,z
is a transcendence basis for L/K and yi1,ys, - ,ym 18 a transcendence basis for K/k. We still
have to prove that x1,x9, - ,Z,,y1,Y2, - ,Ym 1S a transcendence basis of L/k. We have that
L/K(z1,29, - ,x,) and K/k(y1,y2, -+ ,Ym) are algebraic. Hence

K(IlazQa"' ,a:n)/k(xl,x2,--~ sy Tns Y1,Y2, 0 7ym)

is algebraic, and therefore so is L/k(z1, 22, ,Zn,Y1,Y2, "+ s Ym)-

Now suppose that f € k[$1,1’2,"' s TnyY1,Y2,° aym]a with f(xlax%"’ y Ly Y1, Y2, 7ym) = 0.

Write
— 71 .72 T
f= E fragtoy®
s
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with f, € Ely1,v2,* ,Ym]. Since fr(y1,92, * ,ym) € K and x1,2a, - ,z, are algebraically in-
dependent over K, it follows that f,(y1,y2, - ,Ym) = 0 Vr. Since y1,ya, -+ , Ym are algebraically

independent over k, it follows that f, = 0 for each r, whence f = 0, as required.

5.3 Algebraic Closures

Definition 5.7 If k is a field, then an algebraic closure K of k is a field which is algebraically
closed and has the property that K/k is algebraic. Observe that if L is algebraically closed and
k C L, then the set X of elements in L algebraic over k forms an algebraic closure of k.

Theorem 5.8 Let k be a field. Then k has an algebraic closure.

Proof Let S be the set of monic irreducible polynomials over k in a variable x. Let R be the ring
of polynomials in the variables {1/f : f € S} over k. Let I be the ideal in R generated by the
polynomials f(1/f). We claim that I # R. Otherwise, 3f1, fo,- -, fn € S and g1,92, -+ ,9n € R
with g1 f1(Y1) + g2f2(Y2) + -+ + gn fn(Yn) =1 as an identity in the indeterminates {Y7}.

If L is a splitting field for f1(X)f2(X) - - fn(X), then we may substitute Yy, = a;, whence f;(o;) =0
and obtain a contradiction. Thus [ is a proper ideal of R, and so (by Zorn’s Lemma) it is contained
in some maximal ideal M.

Let K = R/M. Then K contains a copy of k as the constant polynomials. If f is any irreducible
polynomial over k, then f([Y;]) = 0 in K, so f has a root in K. Also, K/k is algebraic, as it
is generated by {[Yf] : f € S}. Repeat the above to construct extension fields K = K, Ky, ---
successively so that K;/K,_; is algebraic, and each polynomial in K;_1[X] has a root in K;. Let
L =J;2, K;. Then L is a field, L/k is algebraic, and any polynomial in L[X] has a root in L. Thus
L is an algebraic closure of K.

Theorem 5.9 Suppose that i : K1 — K is a monomorphism, that L/K; is algebraic, and that K
is algebraically closed. Then 3 a monomorphism j : L — Ky so that j |k, = i.

Picture
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Proof Let
g_ (M,0): M is a field with K3 CM C L
"~ 10: M — K, is an embedding with 6 |, = i.

Partially order S by setting (Mi,01) < (Mas,0) if My C My and 05 |p,= 601. If C is a chain in S,
let N =J{M :(M,0) €C}. If n € N, then n € M for some (M,8) € C. Set ¢(n) = 6(n). Verofy
that ¢ is well-defined, ¢ : N — K» is an embedding, and (N, ¢) is an upper bound of C. Then
Zorn’s Lemma implies that S has a maximal element, (M,0), say. We claim that M = L. If not,
Ja € L\ M. Then « is algebraic over M. Let f(x) be the minimal polynomial of a over M. Then
0(f) splits over Ky (since K is algebraically closed). Let

0(f) = (z—B1)(@—P2) - (z— Bn).

Then Artin’s Theorem implies that 3 a monomorphism 6; : M(«a) — Ky with 6(aq) = (1 and
01 |ar 0, which is a contradiction since (M, 6) is maximal.

Theorem 5.10 Suppose that L; and Lo are two algebraic closures of K, with i; : K — L; and
i9 : K — Lo. Then 3 an isomorphism j : L1 = Lo such that io = ji;.

Proof Theorem 5.9 implies that 3 a monomorphism j : L1 — Ly such that i = ji;.

Ll\\4/>4L2

If f € K|[z] is irreducible over K, then i1(f) splits over L1, and so iz(f) splits over j(Li). Since
j(L1)/K is algebraic, it follows that j(L1) is an algebraic closure of K. Since Lo/K is algebraic,
Ls/j(L1) is also algebraic. Thus Ly = j(L1). (Show this.)
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Chapter 6

KG—Modules and Their
Representations

Definition 6.1 Let K be a field and G a group. A K—vector space V is called a KG—module (and
we say that that G acts on V) if there is a given map G x V' — V such that

1. For each g € G, the map g — g(v) is linear.
2. l(v)=vVveV.

3. (9192)(v) = g1(g2v) Yv € V Vg1,92 € G.

Proposition 6.2

1. Let V be a KG-module, and for g € G, let p(g) be the map v — g(v). Then p(g) € GL(V)
(GL(V) is group of invertible linear maps on V'), and the map p : g — p(g) is a homomorphism.

2. Conversely, if p : G — GL(V) is a homomorphism, write g(v) = p(g)(v) for eachv € V, g € G.
Then V becomes a KG—module.

Proof Easy exercise.

Definition 6.3 A K-linear representation of G is a homomorphism p : G — GL(V'), where V
is a K—vector space. If dim V' is finite, then dim V' is the degree of p.

Motivation
1. (Group Theoretic) To study arbitrary G, seek some familiar group so that 3 many homomor-
phisms from G to these groups. These homomorphisms are called representations of G.
(a) For example, homomorphisms into S, are permutation representations.

(b) Linear groups GL(V') ~ linear representations.
The advantage of (b) is that we can bring linear algebra to bear on purely group theoretic
problems. For example,
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i. Burnside’s p®¢® Theorem (every group of group of order p®¢®, where p and ¢ are
primes, is soluble) was proven using representation theory in 1912, and a purely group
theoretic proof was not found until 1972.

ii. We can get useful information about a character table of a finite group using repre-
sentation theory.

There are lots of applications elsewhere in math and physics.

The study of linear representations of a finite group is equivalent to the study of matrix representa-
tions.

Definition 6.4 A matrix representation of G is a homomorphism G — GL, (K).

1.If p: G — GL(V) is a linear representation of G of degree m, then we obtain a matrix
representation 6 : G — GL, (V) by choosing a K—basis of V.

2. Conversely, given a matrix representation 6 : G — GL,(K), let GL,(K) act on K™ (column
vectors). Then K™ becomes a K G—module.

Examples

1. Given a K-vector space V and a group G, define g(v) = v Vg € G,v € V. Then V is a
KG-module corresponding to the trivial homomorphism p with p(g) =1 Vg € G.

2. Representations of degree 1: If p has degree 1, then each p(g) is multiplication by some scalar
Ag € K\ {0}. p is a homomorphism

p:G— K*

g — Ag.

G=S5,
€: S, — {£1} is the signature representation.
Then € is a representation of degree 1 (over C, say).

(b) If G is a group of invertible n X n matrices, then det : G — K> is a representation of
degree 1.

(c) |G| =n, G = (t). Define p(t") = exp(2mir/n), so p: G — S

3. Let V be a 2-dimensional K—vector space with basis {e1,es}. Suppose that G is infinite,
G = (t). Define p(t")e; = e1 + res and p(t")ea = ea. Then the matrix representation is

T'_)lr
r 0 1)
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4. Let X be a finite set and 7 : G — Sx a homomorphism. Let V be a K—vector space with
basis elements in one—to—one correspondence with those of X under the map x — z* (z € X).
Define 7 : G — GL(V) by specifyingthe action of G on a basis

m(g)(z*) = {m(g)z}".
Then V becomes a KG-module.

Definition 6.5 A KG—submodule of G—invariant subspace of a KG-module V is a sugbspace
W such that g(w) € W Yw € W, g € G.

Let V7 and Vo be KG—modules with corresponding representations p; and ps. A map f: V3 — V5
is a K G—(module) homomorphism iff

1. f is linear.

2. g(f(v)) = flg(v)) Vv € V,g € g, ie. pa(g)(f(v)) = f(p1(g)v),ie. pa(g)of = fopi(g) Vg€ G.

Definition 6.6 Representations p; : G — GL(V}) and ps : G — GL(V3) are equivalent iff V; and
V4, are isomorphic as K G-modules.

Proposition 6.7

1. If f : Vi — V4 is an isomorphism of a finite dimensional vector space, and By = {e1,ea, - ,e,}
is a basis of Vi, then By = {f(e1), f(e2), -+, f(en)} is a basis of Vo, and

[faf_l]Bz = [a]Bl
for each endomorphism « of V.

2. Tw finite dimensional representations p; : G — GL(V;) and p2 : G — GL(V2) are equivalent
iff they give the same matrix representations g — [p1(g)]B, and g — [p2(g)]B, for suitable
choices of bases B; and Bs.

Proof Exercise in linear algebra.

Definition 6.8 A KG-module V is irreducible if V # 0 and V has no submodules except V and
{0}.

6.1 Schur’s Lemma and Maschke’s Theorem

Theorem 6.9 (Schur’s Lemma)
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1. If U and V are irreducible KG-modules, and f : U — V is a KG-homomorphism, then either
f=0or fis an isomorphism.

2. If U is an irreducible KG-module with dimU finite and K is algebraically closed, then any
KG-homomorphism f : U — U is a multiple of the identity.

Proof

1. Assume that f # 0. Then ker f is a KG—submodule of U, so ker f = {0}. The image of f is a
KG-submodule of V,soIm f=V.

2. Since K is algebraically closed, f has an eigenvalue A, say. The map f — Aly is also a KG—
homomorphism with nontrivial kernel. So f — Aly = 0.

Remark Let U be any finite dimensional KG-module. The set homg (U, U) of KG-module maps
U — V is a subspace and subring of the space homg (U, U) of K-linear maps U — U. If U
is irreducible, then each nonzero element of homg(U,U) has an inverse, by Schur’s Lemma. So
hom g (U, U) is a division ring. If K is algebraically closed, then only division ring finite dimensional
as a K—vector space is K. Hence Theorem 6.9(2). If K = R, the division rings finite dimensional
over R are R, C, and H.

Corollary 6.10 If G is abelian and K is algebraically closed, then each irreducible finite dimensional
KG-module V has dimension 1. So the irreducible representations of G are the elements of the set
hom(G, K*).

Proof If G is abelian, then g(h(v)) = h(g(v)) Yv € V,g,h € G, and so each map v — h(v) is a
KG-homomorphism. This implies that each map v — h(v) is a scalar multiplication by Theorem
6.9(2). So every K-subspace is a KG-submodule, whence it follows that dimV = 1 since V is
irreducible.

Definition 6.11 A KG-submodule is said to be completely irreducible if it is a direct sum of
irreducible modules.

Proposition 6.12 The following conditions are equivalent for a finite dimensional K G-module in
V.

1. V is a direct sum of irreducible modules.
2. V is a sum (not necessarily direct) of irreducible modules.

3. For each submodule U of V', there is a submodule W of V with V. =U & W.

Proof It is clear that (1) implies (2). To show that (2) implies (3), we use induction on m =
dimV—dimU. m = 0 works. If U C V, there is an irreducible submodule M of V such that M ¢ U.
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Now M NU is a submodule of M, so MNU =0and M+U = M@®U. But dimV = dim(M @U) < m,
so 3 a submodule W such that V=(Ue& M)W, =U & (M & W).

To show that (3) implies (1), first observe that if V' satisfies (3), so does each submodule V. If U; is
a submodule of V7, then there is a submodule W of V such that V =U;&@W. So V; = U; & (WNV;)
since U; < V4. Now suppose that V satisfies (3). We prove (1) by induction on dimV. If V =0
or V is irreducible, then (1) holds. Otherwise 3 a submodule U of V with 0 < U < V, and
so by (3), 3 a submodule W withV = U@®. By induction, since U and W satisfy (3), we have
U=U0U,®---®U,and W =W, @ Wy & --- ® W, with each U; and W irreducible. So
V=U,oUs® ---aU. W Wy d--- P W,.

Note The expression of a completely reducible module as a direct sum of irreducible submodules is
rarely unique, e.g. take G = 1. Then any expression of V" as a direct sum of 1-dimensional subspaces
qualifies.

Proposition 6.13 Let V=U; @U@ --- @ U, =U; @ U, ® --- ® U, be two decompositions of a
finite dimensional K G-module V as a direct sum of irreducible submodules.

1. For any irreducible KG-module X, the direct sum W of the U;s isomorphic to X equals the
direct sum W’ of the UJs isomorphic to X.

2. For each irreducible X, the number of U;s isomorphic to X equals the number of U j'»s isomorphic

to X.
3. r=s.
Proof

1. Suppose that U, >~ X. For each j, consider the map

U —V — U.

incl proj J

By Schur’s Lemma, this is 0 unless UJ'- ~ X. So U; has nonzero projection only into the Ujf
with Uj’- ~ X, s0 U; < W' Hence W < W’. Similarly, W/ < W.

2. Observes that dim W = (dim X) x (number of U; ~ X).

3. Take the sum of (2) over all relevant X.

Theorem 6.14 (Maschke’s Theorem) Let G be a finite group, and let K be a field of characteristic
zero or characteristic prime to |G|. If V is a finite dimensional KG-module and U is a submodule
of V, then there is a submodule W of V' such that V =U @ W. So every KG—module is completely
reducible.
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Proof Take a linear map 6 : V — U such that 6(u) = u Vu € U. (Extend a basis of U to a basis of
V.) Define ¢ : V. — U by
-1y
o(v) |G| Z 9097 ") (v).

geG

(Division by |G| is possible, as the image of |G| in K is nonzero.) Each gfg~! is linear, so ¢ is
linear. Im ¢ < U since Im 0 < U and U is a KG—submodule of V. Observe that if v € U, then
g t(u) € U, and so 0(g 1 (u)) = g~ (u), and so (gfg~!)(u) = u. So if u € U, then ¢(u) = u € U.
Hence Im ¢ = U. Since ker¢NU = 0, we have V = U @ ker ¢. But ¢ is a KG-homomorphism, and
so ker ¢ is a K G—submodule of V.

|G|Zhgeg—1 v) |G|Zh9 (hg) ™" (hv) = ¢(h(v))

geG geaq

for all h € G.

Corollary 6.15 If f : V — W is a linear map, where V and W are K G-modules, then ]?is defined

by R
F=> gfg™

geG

is a KG-homomorphism.

Example Let K be a field and V' a K—vector space of dimension 2 with basis {e1, ea}. Let ¢ be the
map defined by
1 0
(1)

(so e1 — e1 + eg and eg — e3). For each n € Z, t™ has matrix

1 0
n 1/)°
Hence if char K = p, V is a module for the cyclic group of order p; if char K = 0, V is a module for

an infinite cyclic group.

V is not irreducible. Since t(ez) = es, the module (e3) is a 1-dimensional submodule of V. If V
were completely reducible, there would exist a 1-dimensional submodule (f) with V' = (f) @ (e2).
Suppose that ¢(f) = Af, where A € K. Then

Te(t) 2 computed with respect to the basis {e1, 2},
I =
1+ X computed with respect to the basis {f,es}.

So A =1 and ¢t is the identity, which is a contradiction.
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6.2 Orthogonality Relations for Irreducible Characters

Hypothesis G is a finite group, and all representations are finite dimensional over an algebraically
closed field of characteristic 0 or characteristic coprime to |G]|.

Lemma 6.16 (“Properties of Trace”) Let V be a K—vector space of dimension n.

1. For a € endg(V), tr(a) = D1 ; a;;. This is independent of the basis Z. tr(a) is the sum
of the eigenvalues of a. —tr(a) is the coefficient of A"~! in the characteristic polynomial
det(Aly — ) of a.

2. tr: endg (V) — K is linear.
3. tr(ap) = tr(Ba) for a, B € end(V).

4. Given another K-vector space S and a € endg(V) and § € endx (W), define a ® § €
endg (Ve W) by (@ f)(VeW)=a«alV)® B(W). Then tr(a & §) = tr(a) + tr(5).

Definition 6.17 Let V be a KG—module corresponding to a representation p. Then the character
of V (or of p) is the map yy : G — K defined by xv(g9) = tr(p(g)). xv is called an irreducible
character if V is irreducible.

Proposition 6.18
1. xv(1) =dimV.
2. xv(h™'gh) = xv(g) Yg,h € G.
3. xvew(9) = xv(9) + xw(g) for any g € G and any two KG—modules V and W.
4. For each g € G, xv(g) is a sum of roots of unity, and if K C C, then yv(¢7") = xv (9).

5. Equivalent representations have the same character.

Proof
1. xv (1) is the trace of the identity map, which is equal to dim V.
2. xv(h~'gh) = xv((gh)h~") (from 6.16(3)) = xv (9)-
3. This follows from 6.16(4).

4. Suppose that p(g) has eigenvalues wy,wa, -+ ,wy. Then xv(g) = >, w;. Since G is finite,
p(g)™ = 1y for some m, and so W = wi*--- = W™ = 1. Now p(g)~! has eigenvalues
R e andwﬁzw[l. So

xvlg™) = w' =Y wm=xv(g)
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5. Suppose that p; : G — GL(V}) and ps : G — GL(V3) are two equivalent representations of
G. By Proposition 6.7, 3 bases By and Bz of Vi and Vs, respectively, such that [p1(g)]p, =
[p2(9)]B, Vg € G. Then

xvi (9) = tr p1(g) = tr[p1(9)l B, = tr[p2(9)] B, = X152 (9)-

Definition 6.19

1. A function ¢ : G — K is a class function if it is constant on conjugacy classes (i.e.
¢(hgh™") = ¢(g) Yh,g € G), e.g. xv-

2. If ¢,9 : G — K are two maps, their inner product is defined by

(6) = ‘—; 3" 6lg~)uo).

geG

The set of maps G — K is a K—vector space:

(01 + ¢2)(9) = d1(9) + 02(9),  (AD)(9) = Ad(g).

The dimension of this K—vector space is |G|; a basis of functions is ¢, (g € G), where ¢4(h) = dgp.
The set of class functions is a subspace of dimension equal to the number of conjugacy classes of G.

The above inner product is symmetric, bilinear, and nonsingular on both of the above spaces. (Check
this.)

Proposition 6.20 (Orthogonality of Irreducible Characters)
1. If V and W are nonisomorphic, irreducible K G-modules, then (xv,xw) = 0.
2. If V is irreducible, then (xv,x.) = 1.

Proof

1. Choose bases B and C of V and W, respectively. Let the map v — ¢(v) in V have matrix
(ai;(g)). Let the map w — g(w) on W have matrix (b;;(g)). Choose f : V — W to have
matrix (with respect to the bases B and C')with entry 1 in position (r, s) and zeros elsewhere,
i.e. 5”(5]‘5.

Recall (Corollary 6.15) that f: deG g ' fg is a KG-homomorphism. By Schur’s Lemma,

~

f is the zero map. We have

(i,1)—entry of []?] = Z(i,l)fentry of [¢71 fg]
geG
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Coro

= Z a,z 5J7(5k‘8 bkl Zam bl )

9.3k

This is 0 for all r,s,4,1. Put ¢ = r and I = s, and sum over all r and s to obtain 0 = (xv, xw)-

. Now suppose that V' = W. Schur’s Lemma implies that fis a scalar multiple X\ of the identity.

Hence, if n = dim V, then

nA=tr f =3 tr(g fg) = 3 te(f) = [Glix(f) = |Glds.

geG geG

Take r = s = 1. This shows that n # 0 in K. Thus f is multiplication by |G|0,s/m. So Vi,l,
we have

———0d; = (i,1)—entry in | Za" Dasi(g™)

1GI0rs
" geG

(as in part (1)). Put ¢ = r and [ = s and sum over r and s. Thus gives

(XVuXV ‘G‘ Zarr ass g ‘G‘ Zérsfs

geG geG

llary 6.21 There are only finitely many inequivalent irreducible representations; the number

is at most the nubmer of conjugacy classes of G.

Proo
show

f Characters are elements of the space of class functions of dimension d, so it suffices to
that the characters of x(),x(®) ... x(") of any r inequivalent representations are linearly

independent. But if Nz = 0, then Vj, we have

Prop
classe!

1.

Note
1.

osition 6.22 Assume char K = 0. Let X7, X5, -+, X, be representatives of the isomorphism
s of irreducible K G-modules. Let V' be an arbitrary K G-module, and define m; = (xx,, xv)-

m; is the number of U; isomorphic to X; in any expression V = U1 ®Ux®- - -®U; of V as a direct
sum of irreducible modules. (Hence it is independent of the decomposition Uy @ Us @ - - - & Uj).

V ~ @ —1 M X5, where m;X; = X; @ X; @ --- @ X;, so V is determined up to isomorphism

m
by its character.

So (xv,Xxv) is an integer > 0, and V is irreducible iff (xv,xv) = 1.

This reproves 6.13(2) and (3) in this case.
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2. This plus 6.18(5) shows that two K G-modules are isomorphic (i.e. 2 KG-modules are equiv-
alent) iff they have the same character.

Proof
1. Suppose that V =U; ®Uz @ --- @ U;. Then

(Xvsxx,) = (ZXUNX&,) = (xu,»xx.);

j
which is the number of Ujs isomorphic to X;.
2. This follows immediately from (1).

3.
(v, xv) = <X@imixi,><@jmjxj> = mimi(xx,, xx,) = »_m;.
i i
Now if V is irreducible, then (xv,xv) = 1. If (xv,xv) = 1, then m;, = 1 for some iy, and
m; = 0 for some j # ip. Hence V ~ X,.
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Chapter 7

The Group Algebra and the
Character Table

Recall Let K be any field and G any group. The group algebra K G is a K—vector space with basis
given by the elements of G. Elements of KG are of the form Zg Agg, with Ay € K and only finitely
many Ags nonzero. Identify A € K with A1 € KG, where 1 is the identity in G.

Definition 7.1 The right regular representation of G is the representation = — xg for z € KG,
g € G. G acts by right multiplication on KG. (The left regular representation is defined simi-
larly.)

Hypotheses for the rest of this chapter G is a finite group, K is algebraically closed field of
characteristic zero, and X1, Xs,--- , X, are representatives of the isomorphism classes of irreducible
K G-modules.

Proposition 7.2

1. xka(l) = |G|, and xka(g) =0 for g # 1.

2. As KG-modules, we have KG ~ @::1 n; X;, where n; = dim X, i.e. each irreducible repre-
sentation occurs in KG a number of times equal to its degree.

3. |G] = Xi_, n?, where n; = dim X;.

Proof

1. xv(1) = dimV for any KG-module V. Compute xxg(g) with respect to the basis G. Each
row of the matrix has one entry 1, and the rest are 0. If some diagonal entry is nonzero, then
hg = h for some h € G, so g = 1.
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2. We have KG ~ @;_, m;X;, and by Proposition 6.22,

1 _ G .
mi = (XKG, Xx;) = @ Z xxa(9™ xx.(9) = GIXXi(l) = dim X;.
geG

|G| = dim KG = dim (@mc) = Zn dim X; = Zn2
1=1 i=1

i=1

Corollary 7.3 The following are equivalent:
1. G is abelian.
2. G has |G| inequivalent irreducible representations.

3. Each irreducible K G—module has dimension 1.

Proof (1) implies (3) by Corollary 6.10 (Corollary to Schur’s Lemma). (3) implies (2) by Proposition
7.2(3). To show that (2) implies (1), we note that if G has |G| inequivalent irreducible representa-
tions, then G has |G| conjugacy classes, and so G is abelian.

Lemma 7.4 Let 9 be a class function such that (¢, xx,) =0 for 1 <i <r. Then ¢ = 0.

Proof Let z = deG ¥(g~1)g € KG. We claim that, since v is a class function, x commutes with
all elements of G.

holah =% (g™ )h gh =Y w((hgh) R igh =Y (g g ==

geG geG geG

This implies that if V' is any KG—module, the map 0, : V — V given by z — vz is a KG—
homomorphism. (hd,)(v) = hav = xhv = ,(hv). Take v = x;. Then Schur’s Lemma implies that
0 = Az (identity) for some A € K. Hence n; A = tr(6, as an endomorphism of X;), which is equal
to dec (g~ 1)tr(g as an endomorphism of x;), which is equal to

3" dlg™HAai(G) = G| (0, xx,) = 0.

geG

So z acts as the zero map on X; and hence acts as zero on @,_, n;X; ~ KG. Hence

00,(1) =2l =2=>_ ¢(g ")g

geG

So ¥(g) =0 Vg, i.e. v =0.

Theorem 7.5 Let x(V, x(®) ... x(") be the irreducible characters of G.
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Lo¢ =" (6 xD)x for each class function ¢.

2. XM, x®@ ... x(") is a basis for the space of class functions. So the number of irreducible
characters is equal to the number of conjugacy classes of G.

Proof
1. Given ¢, set ¥ = ¢ — 37 (6, xD)xD. Then (s, xV) = 0 Vi, and so ¢ = 0 by Lemma 7.4

2. Part (1) implies that P, x@ oo x(") spans the space of class functions. The proof of Corol-
lary 6.21 implies that they are linearly independent.

Notation x(!) is the character of the trivial representation (each element of G acts as the identity on

a 1-dimensional vector space). M, x@ oo x(@ are the irreducible characters. g1 = 2, g2, - - , ga
are representatives of conjugacy classes Cy,Co,--- ,Cqy. S; is the order of the centralizer of g; in G.
So |C;] = |G|/ S;.

Definition 7.6 The character table of G is the d x d matrix with entry x(!) (gj) in place (4, 7). All
entries in the 15* row are 1. Entries in the 15 column are degrees of irreducible characters: integers
.0 whose square have sum |G]|.

Theorem 7.7 Suppose that K C C.

1. Define
1

NG

for 4,7 < d. The matrix U = (u;;) is unitary (i.e. UU* = 1I).

X(l)(gj)

uij

2. (Orthogonality Relations for Columns)

d
S @
k=1

s ifi=j,
(k)(gj):{o it

Proof

1. From orthogonality relations for characters (Proposition 6.20), we have

P yp— (J)
g |G\ 2 X0

geG

= = @ (X (gr)

which is the (j,4)™® entry in UU*. So UU* = I.



2. Since UU* = I, U~ = U?, and so U'U = I. So for all i and j,

d d
_ 1
6ij =) Unilk; = > x®(gi)x M (g)).
k=1

V9SS i

Comments

1. Orthogonality Relations for Rows:
LG . ,
Gl = kax(z) (g6)X” (g)-
k=1

(In practice, orthogonality relations for columns are often more useful.)

2. Also useful: The degrees x(V(1) of irreducible characters divide |G|. (Proof later.)

Example G = S;. Conjugacy classes have representations g1 = 1, go = (12), g5 = (123),
g1 = (12)(34), and g5 = (1234). x( is the trivial character, and x(? is the alternating charac-
ter.

Exercise Show that if x is an irreducible character, then so is (3 y.

Now observe that x()x = x iff x(g2) = x(g5) = 0. But x* + x@ x® & ®) are linearly
independent. Hence these cannot all vanish on g, and g5 (otherwise e.g. the class function defined
by ¢(g2) = 1, ¢(rest) = 0 would not lie in the span of {x() + ), x2) ) &) ) which is a
contradiction).

Suppose that x@x3) #£ B3 Then we can take x* = y@x®). Then the set of irreducible

characters of G is given by
™, x®,x®, xOx® ®},

multiplication by x(?)
permutes these

We must have ) x©®) ) So x()(gy) = x®)(g5) = 0. Each element of G is conjugate to its inverse.

Hence x(g) = x(971) = x(g). So the character table is real.

If ds := x® (1) and ds := x®)(1), then 1 +1+d2 +d3 + d2 = |G| = 24, i.e. 2d% + d? = 22. The only
solution is d3 = 3 and d5 = 2.

Let C(i,7) denote “orthogonality relations applied to columns (i,j).” C(2,2) gives us that entries
in the 2"! column are +x, real, and satisfy 2|z|? = 2, and so z = £1. C(5,5) gives us that entries
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in the 5" column are 1. Then C(2,5) gives the signs. C(3,1) and C(3,3) give us entries in the
3™ column. (We know that Os have to be the same.) C(3,4) and C(1,4) give us entries in the 4"
column. (Again we know that the the Os have to be the same.)

I 9 93 94 G5
i1 6 8 3 6
S; |24 4 3 8 4
O T1 1 1 1 1
@1 -1 1 1 -1
13 1 0 -1 -1
P13 -1 0 -1 1
12 0 -1 2 0

Remark We have not used the “obvious” representation, a vector space V with basis the four points
permuted by Sy. Then xv (g) would be the number of points fixed by g.

g1 92 g3 9ga G5
xv 4 2 1 0 0

Then (xv,xv) = 5;(1-16+6-4+8-1) = 2. Thus yv is a sum of two irreducible characters. Now
(xv, X(l)) =1,s0 xv — X(l) is irreducible.

Objective We want to characterize KG as a ring and deduce another proof that the number if
irreducible characters is equal to the number of conjugacy classes.

Proposition 7.8

1. If V is any KG-module, then the map p : KG — endg (V) defined by p(z)v = av for v € V
and x € KG is a ring and vector space homomorphism. (This follows from the (ring theoretic)
definition of a K G—module.)

2. Let X7, Xo, -+, X, be representatives of the equivalence classes of irreducible representations
of G, and let p1,pa,-- - , pr be the corresponding maps KG — endg (X;). Then the map

oc:KG— EBendK(Xi)

i=1

defined by o(z) = (p1(z), p2(z), -+, pr(x)) is a ring and vector space isomorphism.
Proof

2. o0 is a ring and vector space homomorphism by (1). If o(x) = 0, then p;(z) = 0 Vi, so x
acts as zero on each X;, hnce on any direct sum of modules isomorphic to X;, hence on any
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KG-module V. Take V. = KG. Then 0 = x -1 = z, so ¢ is injective. Now we compute
dimensions: dim KG = |G|, and

dim (@endKXi> =) dim(endx X;) = Y dim(X;)* = |G].
i=1 i=1 i=1

(See Proposition 7.2(3).)

Definition 7.9 The center Z(R) of a ring R is {z : xz = zz Vx € R}. It is a subring of R.

Proposition 7.10
1. Z(M,(K))={M:X€ K}.
2. If R~ S, then Z(R) ~ Z(S). So if dimV = n, then dim(Z(endxV)) = dim(Z (M, (K))) = 1.
3. Z(Ri®Ra® - ®R,)=Z(R1) B Z(R2)®---® Z(R,).

dim(Z(KG)) = dimZ(éendKXl) = dim (é Z(endKXZ-)> =r.

i=1 i=1

5. Let C1 = {1},Ca,---,Cy be the conjugacy classes of G. Set ¢; = > . g. Let W be the
space spanned by ¢, ¢, -+ ,¢q4. Then Z(KG) =W.

6. The number of conjugacy classes is equal to the number of irreducible characters. Thus
c1,Ca, -+ ,¢q are linearly independent, so dim Z(KG) = d. Now compare with part (4).

Proof
5. Plainly, each ¢; € Z(KG) since ge;g™! = ¢; Vg € G. So W C Z(KG). Now > A\,9 € Z(KG),

and so
> Ag=h" (ZAgg>h => AhTlgh

for each h € G. So the function g — Ag is a class function. Hence

d
> X9 =D Xici € W.
i=1
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Chapter 8

Tensor Products, Symmetrics and
Exterior Squares as KG—Modules

8.1 Review of Tensor Products

The tensor product of K—vector spaces U and V is a K—vector space U ® V', together with a bilinear
map ® : UxV — U®V with the following universal property: For each bilinear map g : UXxV — W,
3! linear map g : U ® V' — W such that the following diagram commutes:

UxV -2 sw
/1
®
o7
UoV

The tensor product exists as is unique up to isomorphism.

If U and V are finite dimensional with bases {e1, €2, , e} and {f1, fo, -, fu}, respectively, then
U®V hasbasis {e; @ f; |1 <i<m,1<j<n}. dm(U®V)=(dmU)(dimV).

Given linear maps f : Uy — Us and g : Vi — V5, then 3! linear map f® g : U; ® V7 — Us ® V5 such
that (f ® g)(u®v) = f(u) ® g(v) Yu,Ur,v € V1.

Lemma 8.1
1. 1y ® 1y = lygv.

2. Given f1 : Uy = Us, fo : Uy = Us, g1 : Vi — Vo, and go : Vo — V3, we have (f1 ®¢1)(f2®92) =
(fif2) ® (91, 92)-

3. Givena: U — U and : V — V, we have tr(a ® ) = tr(a)tr(8).
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Proof
1, 2. Show that the maps agree on the spanning set {u®v |u € U,v € V}.

3. Choose bases {e1,ea, -+ ,em} and {f1, f2,--, fn} on U and V, respectively. Let a(e;) =
> aiver and B(f;) = 320 fi Vi, j. Then

(@@ B)(e: @ f;) = ales) ® B(f;) = Zaikbjlek ® fi.
k.l

Thus a ® § has matrix with rows and columns induced by {(7,7) : 1 <i <m,1 < j <n}. The
entry at the intersection of row (4, j) and column (k,1) is a;1b;;. Thus

trla® p) = Z a;ib;; = tr(a)tr(5).

Proposition 8.2 If U and V are finite dimensional K G-modules, then U ® V becomes a KG—
module with action defined by g(u ® v) = g(u) ® g(v), v € U, v € V, g € G. We have that
xvev(9) = xu(9)xv(g), so the product of the characters is a character.

Proof Let p and o be the representations of G on U and V', respectively. For each g € GG, consider
the maps p(g) ® o(g). We have

[p(g1) @ a(g1)]lp(g2) ® o(g2)] = (p(g1)p(92)) @ (0(91)0(92)) = p(9192) @ 7 (g192)

and p(1) ® o(1) = lygy. Hence the map g — p(g) ® o(g) is a representation, and U ® V' is a
KG-module. We have

xvev(g) = tr(p(g) ® o(g)) = tr(p(g))tr(c(9)) = xv(g)xv(9)-

Lemma 8.3 Let U, V, and W be KG-modules, and regard K as a KG—module with G acting
trivially. Then each of the following natural isomorphisms of a K—vector space is a K G—isomorphism:

1. Themap 0 : KQU — U, A@u +— Au.
2.0:URQV - VU, u®v—vQu.
3. U)W -U(VeaW), uv)@w—u® (vew).

Proof Check that everything works on a spanning set.
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8.2 Symmetric and Exterior Squares

Let V be a finite dimensional K—vector space with char(K) # 2. Let 7 be the action on V @ V
determined by u ® v — v ®@u. So 72 =1, and V ® V is a K{7)-module.

Definition 8.4 Call t € V ® V symmetric if 7(¢t) = ¢ and antisymmetric if 7(¢t) = —¢. Each
t € V®V is uniquely the sum of its symmetric and antisymmetric parts:

t =

(t+7(t)) + %(t —7(1)).

DN =

So we have
VeV ==S5%V)e (),

where S?(V) consists of all symmetric elements and A?(V') consists of all antisymmetric elements.
Definition 8.5 S?(V) is the symmetric square of V; A?(V) is the exterior square of V.

If {e1,e2, -+ ,en} is a basis of V, then {e; ®e; +e; ®e; | i < j} and {e; ®ej —e; @e; |1 < j}
are subsets of S?(V) and A\?(V), respectively. Together they have n? elements and span V ®@ V, so
they are bases of S?(V') and A\%(V), respectively. If V is a KG-module, then S?(V) and (V) are
K G-submodules of V ® V. (Check this.)

Proposition 8.6 The characters of G on the KG-module S?(V) and A\?(V) are given by
L xs2n)(9) + xa2v)(9) = xv(9)?

2. xs2v)(9) — xo2n(9) = xv(g%)-

Proof
2. Suppose that {e1, ez, -+ ,e,} is a basis of V. g(e;) = Y aireg, say. Put t;; = e; ® e;. Then
g(tiz) = >k airajitir- So

gltis + 1) = Y amaj(ti + tu) (1)
K,

for ¢ < j. If i < j, then the coefficient of t;; +t;; on the RHS of () is asia;; +a;jaj,. Compute
Xs2(v)(g) with respect to the above basis:

Xs2(V)(g) = Z QG5 + Z Q4505 + Z Qi Qg -

i<j i<j i

X,\z(V)(g) = Zaiiag‘j - Zaijajia

i<j i<j

Similarly,
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for if ¢ < j, the coefficient of t;; — ¢;; on the RHS of (1) is a;;a;; — ai;ja,;. Subtracting gives

XSs2(V) (9) — XA2(V) (9) =2 Z aijagz; + Z Qi3 Qg Z AijQj; = tr((aij)z) = XV(92)-
,J

i<j i

Alternatively, if G is finite and K algebraically closed with char K = 0 or coprime to |G|,
there is a much simpler proof. If g € G has order r, then the minimum polynomial of G on V'
divides 2" — 1 and so has distinct roots. Hence 3 a basis {ej,es,--- ,e,} of eigenvectors, say
g(ei) = Aie; Vi. Then g(e; ® ej) = A\idj(e; ® ej), so computing X g2(v(g) with respect to the
obvious basis gives xs2(v)(9) = >_,<; AiAj. Similarly, xx2v)(9) = 32,5 M. So

Xs2(V) (9) - XA2(V) (9) = Z )\12 = Xv(92)'
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Chapter 9

Induced Representations

Hypotheses for Chapter 9: H is a subgroup of GG of finite index m; all representations are finite
dimensional.

If V is a KG-module (corresponding to a representation p : G — GL(V)), then V is a K H-module
(and the corresponding representation is the restriction p |y of p to H).

Problem Given a representation of H, find a representation of G.

Definition 9.1 A KG-module V is induced from a K H-module W if
1. W is a K H-submodule of V" when V is regarded as a K H-module.

2. There is a transversal T = {t1,t2,- - ,t;,} of H in G such that

V = étiW (tiW = {tz(w) | w e W})

Example Suppose that G is any finite group and H is the trivial group acting on W = K. Then
the group algebra KG as a KG—module is induced from W.

Proposition 9.2

1. The above definition is independent of the transversal. If V' is induced from W, then (2) holds
for every transversal of H in G.

2. If V is induced from W, then the structure of V as a KG-module is entirely determined by
that of W as a K H—module.
Proof
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1. BT = {t},t,,--- ,t,,} is another transversal numbered such that ¢;H = t/H (i.e. numbered
in the same order), then 3h € H such that ¢, = ¢;h and t;W = ;AW = t,W (since W is a
KH-module). SoV =@, t/!W =@, t;\W.

2. Let p: G — GL(V) and 0 : H — GL(W) be the corresponding representations. We must show
that the o(h) (h € H) determine p(g) (g9 € G), or, as the ¢,V span V, determine the maps
p(9) le,w: t:,W — V. Now given g € G and ¢; W, then 3t; € T, h € H such that gt; = t;h. We
have p(g)(tiw) = t;h(w) = t;(o(h)w).

Proposition 9.3 Given a KH-module W, 3 a KG-module V induced from W. The module V
is uniquely determined up to isomorphism of KG-module (by Proposition 9.2(2)) and is denoted
indGWw.

Proof Let t; = 1,9, -+ ,t,, be a transversal of H in G. Let Wy, = W, Wy, .- | W,, be a K—vector
space with W; ~ W Vi. Let §; : W = W; be an isomorphism Vi and #; be the identity map. Set
V = @2, W,;. Define p(g) : V. — V by specifying the action on each W;. Given g and ¢;, let
gti =t;h (h € H). So g = t;ht;"; then for w; € W;, define p(g)w; = 0,h0; " (w;).

1. V becomes a K G-module. Firstly, the maps p(g) are linear and well-defined, as V = @ W;.
Because 1-t; = ¢; - 1, we have p(1)w; = Hilﬂjl(wi) =w;. So p(1) = 1y. Given ¢1,¢92 € G and
t;, define hy, ho, t;, and ¢, by gi1t; = t;h and got; = tyhe. Then

p(92)p(g1)wi = Oxhal 101007 (wi) = Ok (hah)0;* (wi) = p(g192)ws
since g1got; = gotjhi = trhahy.
2. W is a KH-submodule. If w € W and h € H, then hl = 1h. So p(h)w = 6;h8; " (w) = h(w).
3. Take g = t; and w € W. Then t;(w) = 6,10; ' (w) = 0;(w). So t;W =W, and V ~ @, t;W.

Proposition 9.4 (“Induction is Transitive”) Suppose that H < L < G and that W is a KH-
module. Then ind%ind%W ~ ind§W (as KG-modules).

Proof If R is a transversal of H in L and S a transversal of L in G, then RS = {rs:r € R,s € S}
is a transversal of H in G. The result now follows from Proposition 9.2.

Note If V = indi = @Pt;W, then each gt;W = t,W iff t;lgti € H since if gt; = t;h (h € H),
then gtiW = tth = th.

Hypotheses for the rest of the chapter: G is finite and K is algebraically closed of characteristic
Z€ero.

How can we compute induced characters?
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Proposition 9.5 Let V = indi and g € G, and suppose that T is a transversal of H in G. Then

_ 1 _
xvig) = > xwlt 1gt)=ﬁ > xwls'gs).
teT seEG
t—lgte H s—lgseH

Proof Denote the corresponding representations by o : H — GL(W) and p : G — GL(V). Our
strategy is to compute the trace of p(g) with respect to a union of the bases of tW (¢t € T). If
g(tW) # tW, then we get zero entries on the diagonal for basis vectors in tW. So

xvig = > trlp(g) lw)= D trlp(g) [w).

teT teT
g(tW)=tWw t—lgteH
If e1,€9,- -+ , e, is a basis of W, then tey,tes, - - ,te, is a basis of tW. If g(te;) = Zj aijte; Vi, then
ttgt(e:) = > aijej Vi. So
tr(p(g) lew) Za” =tr(o(t” 1gt)

Hence

xvig)= Y. xw(t gt
teT
—lgteH

Now write this another way: suppose that ¢ € G with ¢ = t'h (t' € T,h € H) say. Then
g lgg € Hiff h-1t'"gt'h € H iff t*"'gt' € H. In this case, ¢ 'g¢’ and ¢'~'gt' are conjugate in
H, and so xw(g'"tgg’) = xw(t'~1gt’). Hence

1 _
w(9) = iy > xwlsgs.
s*f‘;fEH

Definition 9.6 Let H < G. If ¢ is a class function on H, define

seG
s~lgseH

This is a class function on G. (Check this.) (“It comes from a sum over all conjugates lying on H.”)

If ¢ is a class function on G, define resy1 to be the restriction of ¢ to H. This is a class function
on H.

Theorem 9.7 (Frobenius Reciprocity Theorem) If ¢ is a class function on H and ¢ is a class
function on G, then

(ind§ o, ¥)a = (¢, resgt))
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where (-,-)x means inner product of class functions for the group X.

Proof

(ind§i6, %) |G|\ TDIDI I

g€eG seG
s€eG  gea
s—lgseH
= o(h shs_1)> (setting s 'g7ts = h1)
e ( e

- e o 2 o

s€G heH
= (¢, resH¢)H

Corollary 9.8 If x is an irreducible character of G and 1 is an irreducible character of H, then the
multiplicity of x in indgﬂ; is equal to the multiplicity of ¥ in resgx.

Proof By Proposition 6.22, these are (x,ind%¢)q and (resgx, ¥)w, respectively.

9.1 Permutation Representations

Let II be a permutation representation of G on X = {x1,22, -+ , 2, }. Let V be a K—vector space
with basis in one-to—one correspondence with X, and write II for the associated linear representation.
Set H = {g € G : gx1 = x1} — the stabilizer of z; in G. Suppose that II is a transitive representation
(i.e. Vi,j3g € G with g(x;) = x;). For each i, choose t; € G with ; = t;z;. We claim that
{t; : 1 <i < m} is a transversal of H in G. If g € G, then x; = gz iff ;a1 = ¢y iff 1719 € H iff
g € t;H. Let W be the space spanned by wy. Then HW = W, so W is a K H-module (i.e. W is a
K H-submodule of V). Also, t;W = (z;) and

V=@ = Hrw
i=1 i=1
Hence V = indle, where W is a 1-dimensional subspace acted upon trivially by H.

Nonstandard Notation ng) is the trivial character of the group G. ng) (9)=1Vgeq.

Proposition 9.9 Let II be as above.
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1. xv(g) is the number of points of V fixed by ¢

2. Ygeaxvig) =G|

3. V is the direct sum V; @ V5 of the submodule V; spanned by Z _, x; (on which G acts trivially)

and the submodule
m
{ > N Z A = 0}

The character xv, is given by xv,(g) = {number of fixed points of g} = 1.

4. If IT is 2-transitive (i.e. if Vi # j, k # [, 3g € G such that gz; = z; and gx; = x;) and m > 2,
then V5 is irreducible and not isomorphic to V.

Proof
1. Compute the trace with respect to the basis X.

2.
(1) (1) (1) _
|G| > xvl9) = (v Xig)e = Oy X — H = 1.
geG
3. V4 and V5 are obviously submodules, Vi £ Vo, dimV; = 1, and dimV, = dimV — 1, so
V=Vel.

4. First observe that (xv,xv)e = (XE}{)), @), where phi is the restriction of xy to H. Consider
V as a KH-module. We have V = (1) ® (x; : ¢ > 1). This is a direct sum of a module with
character Xg}) and a module corresponding to a transitive permutation representation of H

with character v, say. Applying (2) to the group H gives

(x(iny¥) ‘H|Z¢ )=1

heH

So
= (x 1 @ )+

(xv,xv)a (X(H)7¢) X(my X(H) (X(H)»w)

So V is a direct sum of two nonisomorphic irreducible K G—submodules.

Examples of 2-Transitive Representations S,, (n > 3), A, (n > 4), GL,,(F) on a 1-dimensional
subspace of F™ for any field F' (n > 2).

Let us now redo induced representations from a different point of view: Suppose that H < G,
and let T = {t1,ta, - ,t;m} be a transvesal of H in G. Let W be an FFH-module. Recall that
indg W =@, t;W. Set V=FG®pryg W, where FG is viewed as a right F H-module.

Proposition 9.10

m

V=FGQpy W ~ @(tl@W) ~ étiw

=1
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Proof Observe that G is a disjoint union of the sets ¢, H, t; € T. Hence, as a right F"H—module, we
have an isomorphism FG ~ @!" | Ft;H. Then we have

FGQaqu W = (éFtlH> ®FHW2éti®VV.

i=1 i=1

Check tha the F'G-action agrees with that of Proposition 9.3.

Example We now compute the character table of GL3(F2) = G. |G| is the number of ordered bases
of F3, which is (8 — 1)(8 — 2)(8 —4) = 168 = 23 - 3- 7. Every element of G is conjugate to a matrix
in rational canonical form. Thus each element of G is conjugate to one of

1. g1 = 17
2.
010
go = 1 1 0 5
0 01
which has minimum polynomial 22 + 1, characateristic polynomial (22 + 1)(z + 1), and order
2,
3.
01 0
g3 = 0 0 1 5
100

which has minimum polynomial 22 + x + 1, characteristic polynomial (2% +x +1)(x + 1), and
order 3,

010
ga = 0 0 1 ,
1 1 1

which has minimum polynomial 23 + 22 + z + 1, characteristic polynomial 23 + 22 +z + 1, and
order 4,

01 0
gs = 0 0 1 s
1 1 0

which has characteristic polynomial 23z + 1 and order 7,

o O =
— = O

0
gs= |0
1

which has characteristic polynomial 2% + 22 4+ 1 and order 7.
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Let the corresponding conjugacy classes be Cy,Cs, - - ,Cg, and write h; = |C].

1. Ot = C; for i < 4 (as elements have the same order). Thus x(g;) is real Vi < 4. g5 ' satisfies
1+ ggz + ggg. (Check this.) Thus the minimum polynomial of ggl divides 2% + 22 + 1 (which
is irreducible over Fs). Since g5 ! has order 7, we have that g5 l'e Cg. Thus g5 1= 4. Now
g5(g2 +1) =1=0, and so g2(gs + 1) + 1 = 0 (squaring both sides in characteristic 2), and so
gg S 05.

2. G acts 2-transitively on Fy \ {0}, for given two ordered pairs of distinct elements, we can
complete each to an ordered basis and so can map one onto the other. So if II is a permutation
character of G on F3 \ {0} (i.e. II(g) is the number of fixed points of G on F3\ {0}), then IT—1
is irreducible (see Proposition 9.9). Now the set of fixed points of g; on F3 is a subspace, and
so it follows that II(g;) is 7, 3, 1, or 0. II(g;) = 7 iff g; = g1 = 1. g5 and g act as T—cycles,
so II(gs) = II(gs) = 0. go fixes (0,0,1), (1,1,0), and (1,1,1), so II(g2) = 3. g3 is a product
of r disjoint 3—cycles, and so II(g3) = 7 — 3r, and so r = 2 and II(g3) = 1. (We can’t have
r = 1 since then the number of fixed points of g3 on F3 would be 5, which is a contradiction.)
ga(z,y,2) = (x,y,2) iff (x,y,2) =(z,2+ 2,9+ 2) iff y=0and z = —2. Thus I(gy) = 1.

3. Thus far we have

g1 g2 93 g4 G5 ge
1 hy hy hsy hs hg

D l1 11 1 1 1

16 2 0 0 -1 -1

Rows are orthogonal. Hence R(2,2) : 36 +4hs + (hs +hg) = 0. R(1,2) : 6 : 2hs — (hs +hg) = 0.
Thus hy = 21 and hs + he = 48. Since Cs = C5 !, hs = hg = 24.

4. Consider S?(x®). We have

1
S*x®)(9) = 5P (9)? +7 (6*)]
This yields

21 5 0 1 0 0.

This character decomposes, as 212 > 168. Suppose that it contains x(!) r times and x(? s
times. Since (x(M, 7y 4+ sx@) = r(xD, x| 168 = 21 + 5hg + hy = 126 + hy, and so r = 1
and hy = 42. Also, (x®,rx® + sx)) = s(x@,x?), and so 168s = 21 - 6 + 5hy, or 5 = 2.
Now y®) = SQ(X@)) —x® =2y is a character.

=6 0 -1 0 1 1.
This is irreducible, as (x®), x®)) = 1.

5. Solve Z?:l n? = 168 to get degrees 7, 3, and 3 for x®, x®) and y©. Now 05_1 = (g implies
that columns 5 and 6 are conjugate to each other. They are not real, as the character table
is nonsingular. If x is a character, then y is a character. Thus x(®) = x(®). Suppose that
x®)(g3) = s and x(©(g3) = 5=s. (See (1): x(g;) is real Vi < 4.) Then s is a sum of 3 cube
roots of unity since gs is of order 3. Now (x®),x(®)) = 1, and so we must have 565> < 168, s
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real, and s a sum of three cube roots of unity, and so s = 0. Thus x® (g3) = (¥ (g3) = 0.

Now use C(1,3) to compute column 3. Now use column 3 and orthogonality relations on
columns to finish off x*). Now x(®)(g2) = x((g2) = —1. A similar argument shows that

X (g4) = X (g4) = 1.

Now x(g5) = x(g6) V& (since C5' = Cg). If x(gs) is real Vz, then column 5 = column 6,
which is a contradiction since the character table is nonsingular. Also, x is irreducible, so Y is
irreducible, so the bottom right of the table is

|3
S 3

for some n € C\R. Now C(2,5) implies that 7417 = —1, so n = —% +i\. C(5,6) implies that
0=3+n’+7? = 3% —2)2, andso \ = g This completes the calculation of the character table.

g1 92 g3 94 gs ge

1 21 56 42 24 24
O l1 1 1 1 1 1
x®Pl6 2 0 o0 -1 -1
18 0 -1 0 1 1
P 7T -1 1 -1 0 0
X® 13 -1 0 1 14T 1T
X© 13 -1 0 1 -l 14T

Here are some of the things we can conclude from the character table:

1.

G is simple, for if not, then 3,5 > 1 with x(V(g;) = x(”(1). We show this in two steps:

Lemma A Let G be a finite group, and suppose that p : G — GL(V) is a representation
of degree m and character y. If for some g € G we have |x(g)| = m, then p(g) = wI, where w
is a root of unity. If x(g) = m, then p(g) = I, i.e. g € ker p.

Proof Suppose that g is of order k. Then p(g) satisfies the equation 2* —1. Since this splits over
K, it follows that p(g) is diagonalizeable. Let A1, A, - -+, A\, be the eigenvalues of p(g) (counted
with multiplicity). Then Ay, Aa, - -, A, are roots of unity, and x(g) = A1 + Aa+ -+ -+ A, and
SO

MO < (Al + [Ae + -+ [Am| = m. (%)

The triangle inequality implies that equality holds in (%) iff Ay = Ay = -+ = A, = w. This
implies that p(g) = wl. Hence if x(g) = m, then w = I, and p(g) = I, i.e. g € ker p.

Lemma B Let G be a finite group. Then G is simple iff Vg € G and for every irreducible
character y # 1, we have that x(g) # x(1) if g # 1.

Proof The forward direction follows from Lemma A. For the reverse direction, suppose that
N <G with N # 1, and let X be an irreducible character of G/N. Define x : G — K* by
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x(g9) = X(g), where g is the image of g in G/N. Check that  is an irreducible character of G.
Then if e.g. g € N with g # 1, we have that x(g) = x(1).

2. Every element of order 7 lies in a unique subgroup of order 7. Thus the number of subgroups
of order 7 is 8. Similarly, the number of subgroups of order 3 is 28.

3. Centralizers of elements of order 2 have order 168/hy = 168/21 = 8. These centralizaers are
conjugate to each other. (Another way to see this is to note that these centralizers are Sylow
2-subgroups of G.) Observe that each element g of order 4 has g2 of order 2 and so lies in a
subgroup of order 8. The centralizer of such a g has order 168/hy = 168/42 = 4, and so it
follows that the subgroups of order 8 are nonabelian.

4. If z and y are of order 2 with = # y, then Cg(x) # Cg(y), for otherwise, we have that
{1,z,y,zy} C Z(Cg(x)), which implies that Cg(x) is abelian, which is a contradiction. (Note
that the two nonabelian groups of order 8 viz. Dg and Hg have centers of order 2.) Thus the
number of subgroups of G of order 8 is 21.

9.2 Some Remarks on Tensor Products

We want to consider tensor products over noncommutative rings.

Definition 9.11 Let R and S be rings (not necessarily commutative), and let M be an abelian group
which is both a left R—module and a right S—module such that (rz)s = r(xs) Vo € M,r € R,s € S.
Then M is said to be an (R, S)-bimodule (sometimes written RM S).

Let R be any ring, U a right R—module, and V a left R—module. For any abelian group W, consider
mappings f: U x V — W such that

1. f is biadditive, i.e. additive in each argument.

2. fis R—balanced, i.e. f(ur,v)= f(u,rv)Vu e U,v € V,r € R.

Construct U @ V' (now merely an abelian group!) universal for R-balanced, biadditive maps from
U x V to abelian groups:

Ufo*>W

7

i@R //~
e

7 Ay
UerV

f is a homomorphism of abelian groups.

Existence U ® V = A/B, where A is a free abelian group on U x V and B is a subgroup generated
by
(u + ’UJI7’U) - (U,U) - (’U/,’U), U7ul eU
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(u,v +0") — (u,v) — (u,v'),v,v" €V
(ur,v) — (u,mv),r € R.

Now suppose that U is an (S, R)-bimodule and V' is an (R,T)-bimodule. Then U ® V may be
views as an (S, T")-bimodule in the following way: Suppose that s € S, and consider A\s : U x V —
U®grV, (u,v) — su®v. Then Ay is biadditive and R-balanced. (Check this.) Thus A induces a

homomorphism s : U ®r V — U ®r V (which we just denote by “s”):

S(Zui(&vi) :Zsui(@vi.

We thus obtain a left S—module structure on U®pr V. Similarly, by considering p; : UXxV — UQRrV,
we obtain a right T-module structure on U ® V. Hence U ® V is an (S, T)-bimodule.

Example Let G be a finite group and H < G. Suppose that W is a K H—module. Then FG is an
(FG, FH)-bimodule, W is an (FH, (0))-bimodule (i.e. a left FH-module). Thus FG Q@py W =
ind% W is a left FG-module.

9.3 Tensor, Symmetric, and Exterior Algebras

Definition 9.12 Let K be a field. A K—algebra is a K—vector speace A which is also a ring (asso-
ciated with a 1) such that the multiplication map A x A — A is K—bilinear. A K—algebra homomor-
phism f is a K-linear ring homomorphism (so f(1) = 1), e.g. M, (K), endg(V), K[x1, 22, -+, Zp],
and KG.

Let V4, V5, -+, V,, be K—vector spaces. Define V; ® Vo ® - -+ ® V,, inductively by
VIOUR - QU =V QU@ ®VUp_1) D Up.

(There’s a canonical isomorphism from v @V ®- - -®@w,, to the iterated tensor product with any other
bracketing.) If Vi, Vs -+ |V}, are finite dimensional, then V; ®@V2®- - -®V,, has basis {21 @z2®- - -Qx, }
with the z; running independently through a basis of the V;.

Define ®"V =V @V ®---®V to be the n'! tensor power of V. Define
—_————

o0
1) =B (®'V)
n=0
(®° means K). Then T(V) is a K-vector space. To define a K-bilinear product, it suffices to
define a K-bilinear map (Q™V) x (Q"V) — T(V) Vm,n. Use the isomorphism

(@)= (®@V)~®""r

Make the product of h € @™V and k € @"V the image of h® k in @ "V.
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Definition 9.13 T'(V) is the tensor algebra on V. Let i : V. — T(V) be the natural inclusion
map.

Theorem 9.14 If f : V — Ais a K-linear map from V to a K-algebra A, then 3! K-algebra
homomorphism f T(V) — A so that the following diagram commutes:

f

\%4
7
. s
L P
l’ v

(V)

A

Proof For such an f, we need ]?(1) =1 and f(vl ®v2 @ vy) = f(v1)f(v2) - f(vp). Soif [ exists,
then it is unique, as T'(V') is spanned by 1 and elements of the form v; ® v2 ® - - - ® v,,. We proceed
inductively: Define f(1) =1, f |y= f. Suppose that f [gry is defined (and is K-linear) for r < n.

Consider the map
n—1
(@ V) xV — A

(ta Un) = J?(t)f(vn)
This map is K-bilinear, and so it factors through <®"_1V) ® V to give a K-linear map f Qv
So we obtain a linear map f: T(V) — A so that f = foi and

F1 @2 @ @vp) = Fr1 Qua @+ @vp_1) f(0n) = - = f(01) f(v2) -+ f(vn) Yvi, 09, v, € V.
So we have
f[(ul®uQ®~®um)v1®v2®-~®vn)] = f(m@uz@ R U @V QU ® - ® V)

= flu)f(u2) - f(um) (1) f(v2) - f (vn)

= fn®uy®- Qup)f(v1 Qua @+ @ vp).

o~ o~

Hence T'(V) is spanned by elements h for which ]?(hl he) = f(h1)f(hg). Hence £ is a ring homomor-
phism via linearity.

Let I be the ideal of T'(V) generated by all {u®@ v —v®u | u,v € V}. (So I consists of sums of
elements t1 — to, t1,t2 € T(V)). I is a subspace as well as an ideal.

Definition 9.15 The algebra S(V) := T(V)/I is the symmetric algebra on V. Let i : V EA
(V) "N 5(v).

Theorem 9.16
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1. S(V) is commutative. If f: V — A is a linear map and A is a commutative algebra, then 3!
K—algebra homomorphism f : S(V) — A such that the following diagram commutes:

Vv

f
A
7
3 7
L SN
l’/ af
)

SV

2. If &y, @9, -+ , 2y, is a basis of V, then S(V) is just the polynomial algebra K[z1,z2, -, Zm]-

Proof

1. The elements v € V commute with each other, and they generate S(V'). So S(V) is commuta-
tive. Theorem 9.14 implies 3!f; : T(V) — A such that f = fjoi. But each uQv—v®u € ker f;
since A is commutative. So I < ker fi, and so f; factors through S(V) =T(V)/I.

2. S(V) is generated by products of the x;s, and so each element in S(V') is a polynomial in

the z;. But the identity map V' — V < Klzy,x2, -+ ,x,] extends to a unique homomor-
phism S(V) — Klxy,x9,- - ,x,] by (1) above, which must be the identity. (Alternatively,
Klxy,x9, -+ ,x,] satisfies the right universal property.)

Suppose that char K # 2. Let I be the ideal of T(V') generated by all of the elements v ® v, v € V
(equivalently generated by all elements u ® v+ v ® u, u,v € V).

Definition 9.17 The algebra A(V) := T(V)/I is the exterior algebra of V. Let i’ be the map

7V L T(v) T A1),

Theorem 9.18 Let A be any K-algebra. If f: V — A is a K-linear map such that f(v)f(v) =0
Vv € V, then J!If : A(V) — A such that the following diagram commutes:

Proof Similar to Theorem 9.16(1).

Definition 9.19 The n*® symmetric and exterior powers of V, S"(V) and A"(V), are the im-
ages of ®" V in S(V) and \(V), respective (and so are the subspaces generated by products of n
elements of V). (S™(V) and A™(V) have universal properties with respect to n-linear symmetric
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and skew—symmetric forms.)

If V is a KG—module, then T(V), S(V), and A(V) are naturally KG-modules, and S™(V) and
A™(V) are submodules. If {x1,za, -,z } is a basis of V| then S™(V') consists of homogeneous
polynomials of degree n in z1,x2,-- ,%,. Hence we can compute the trace of g € G acting on
S™(V') with respect to the basis consisting of all monomials

‘s T T
{atay? o | E T =n}.
Work in the exterior algebra: Let vy, ve,: - ,v, € V. Then v;v;4+1 + viy1v; = 0. So
V1V * Vi 1UVi41 " Up U102+ Vi 104105 - Up = 0.

Hence
Vo (1) Vo (2) * * " Vo(n) = €(0)0102 - Uy Yo € S,. (%)

Since also vv = 0 Vv € V, it follows that A" (V') is spanned by x;, @, - - @;, with i1 < ig < -+ < ip.
(In particular, A"(V) = 0 if n > m, and dim A(V) is finite if dim V" is finite.)

Theorem 9.20 The z;, z;, - - - 2;, with i3 < iy < -+ < 4, form a basis of A"(V).
Proof Define a K-linear map ¢ : T(V) — K by specifying the image of a basis: ¢(1) = 0, and for

7;177:27"' ait€{1727"' 7m}7

sgn ([T;<p,(i; —ix)) if the product is nonempty,

¢ (@i, ®Ti, ® - Qu;,) = {0 otherwise.

Now A(V) =T(V)/J, where J is generated as an ideal by elements of the form z, ® z; + x5 ® .
Thus J is generated as a K—vector space by all elements h @ x,  zs Rk + h® xs ® z, @ k, where h
and k run through a basis of T(V). It is easy to check that ¢(J) = 0. Now suppose 3 a nontrivial

relation,
> NP =0,
1=1

where A\; € K, and each P, is of the form z;, x;, - - - Lip, s with i3 <ig < -+ < 4py,. Choose the P;s to
make r as small as possible. If » > 1, then some x; appears in some but not all of the P;s. Thus

0= (Z )\IPZ> z; =Y M(Pxj).
=1 =1

Now rearrange using (*) to contradict the minimality of r. So r = 1, and we have a relation of the
form x;, @i, -2, =0, 41 < dg < -+ < ip. Thus 2;, ® x4, ® --- @ x;,, € J, which is a contradiction
from the definition of ¢. In particular, if dimV = m, then dim A™(V) = 1, « € end(V) induces
scalar multiplication by det(a) on \™ (V).
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Caveat If n > 2, it is not true that

RV =51 (V)@ AWV,

To check this, just compute dimensions!

Now we can compute characters. Let py,pus, -+ ,u)n € K and 01,09, ,0, be the elementary
symmetric functions on the u;s. (So o, is the sum of the product of the p;s taken r at a time.) Then

m m

H(:E — i) = Z(—l)’”wm_ra(r), op=1. @)

i=1 r=0

HPn(xtha T 7xm) € Z[x15$27 T ,$m] so that :u’il + M;L +e 4+ ,LL:% = Pn(017027' T ,O'm) (Cf p-
190-191 of Lang’s Algebra).

Theorem 9.21 Let G be a finite group, and suppose that V is a CG—module. Then the character
x of \"(V) evaluated at g € G is

1. op(p1, p2y -+ fim), where pig, fio, - -+ , pr, are the eigenvalues of g on V.

2. (=1)" x (coefficient of 2™ " in the characteristic polynomial of G on V).

Proof
1. Let (w1, 22, - ,Zm) be a basis of eigenvectors of g on V. Compute the trace with respect to the
Xiy Tiy -+ - Ti, S, Where 41 < 4y < .-+ < 4,. The contribution from z;, @, - - - @4, 1S L4y fiy -+ Li,.-

Hence (1) holds.

2. This follows immediately from (1) and (f).

Let G be a finite group. The set of complex characters is closed with respect to sums and products
and is contained in the ring of class functions. The character ring R of G is the subring (of the
ring of class functions) generated by the characters. Each element of R¢ is of the form y — ¢, where
x and ¢ are characters; each element is uniquely expressible as a Z-linear combination of irreducible
characters (uniqueness follows from the fact that irreducible characters are linearly independent).
The elements of Rg are called virtual characters.

Theorem 9.22 If n € N is fixed and x is a complex character, then g — x(g") is a virtual character.

Proof Suppose that x corresponds to a CG—module V' of dimension m. Then

II=P, (X)\l(V)a XA2(V), " vXA’"(V))
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is a virtual character. If g € G has eigenvalues 1, po, - -+, u)m of V', then

H(g) = P’I’L (01</’L17M23"' 7Mm)702(,u1;,u2)”' 7,“771)7"' 70m(u17u27"' 7,U/m))
Py s A oy
= x(g")

(In fact, this woorks for n € Z since g — x(g~ ') is a character, the contragradient of x. If x
corresponds to p, then g — p(g~1)! is a representation and has character g — x(g1).)
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Chapter 10

Character Degrees: The po‘qﬁ
Theorem

Hypotheses G is a finite group, and representations are over C.

10.1 Algebraic Integers

Definition 10.1 An element o € C is an algebraic integer if it satisfies a polynomial equation
a”+cia" V- 4, =0,all ¢; €Z, e.g. elements of Z, roots of unity, etc.

Proposition 10.2
1. The set of algebraic integers is a ring. So character values are algebraic integers.

2. If v € Q and v is an algebraic integer, then v € Z. (y = I, say, with (r,5) = 1, and
Yt a4 a, =0, 50 7™ — s(ar™ T 4+ agr® " 2s + - + a,s" 1) implies that s | 7,
and so s = +1.)

3. f y1,y2,- -+ ,yn € C are not all zero and -y satisfies
N
Zaz]y_]:'}/yl (i:1727"'7N)a
j=1

then + is an algebraic integer provided all a;; € Z. (Zj.vzl(aij —70;5)y; = 0, each 7 is nonzero,
and not all a;;s are 0. So we have 0 = det(a;; — 7d;;), this is a monic polynomial equation in
~ with integer coefficients.)

Proof

1. We claim that if f(X,Y) € Z[X,Y] and « and (3 are algebraic integers, then so is f(a, ().
Suppose that a™ + cia™ L+ 4, = B+ di ™+ -+ dy, = 0. Let y1,y2,--- ,yn} =
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{a'37 10 < i <n,0<j<m}. Then every o3/ with i,j > 0 is a Z-linear combination of
these. (This follows via induction on i and j, e.g. if ¢ > n, we can use
a = —cia" "t — ...

to express a’3’ in terms of o3 already considered.) Hence f(a,[3) = « is a Z linear com-
bination of y1,¥y2, - ,yn. Sois vyy;, 1 < i < N. Suppose vy; = Ejvzl a;y;. Now the result
follows from (3).

Character values are algebraic integers since they are sums of roots of unity.
Notation G is finite, with conjugacy classes Cy = {1},Cs, -+ ,Cy, g; € C;.

Theorem 10.3 Let x be a character of an irreducible representation p of degree n of G.

1. ‘%‘ X(g:) is an algebraic integer.
2. n divides |G|.

Proof
2.

% = %<x,x> => x(g™) (szg)> = éX(%l) (

geG

x(jﬂ) .

L. (Recall Proposition 7.10.) Let ¢, = > ., g € center of CG for k = 1,2,--- ,d. Recall that
the elements ¢y, ca, - - - , ¢ form a basis for the center of CG. So for fixed i and for each k, we

have
(4)
cic, = E a;y cj,

(j) €Z,j=1,2,---,d. Now p: G — GL(V) extends to a ring homomorphism p : CG —
end( ). Since p(ck) commutes with each p(g) (9 € G), it follows that p(cg) is a CG-module
homomorphism. Thus Schur’s Lemma implies that p(cg) is multiplication by a scalar, v, say.
Write Write I € end V for the identity map. Then

(viv) ] = (D) (W) = pler)plex) = pleick) Zafi)%

So
d .
%’%ZZaEi)%, k=12, ,d.
=1

Now all the s are zero, e.g. 713 = 1. Thus Proposition 10.2(3) implies that ; is an algebraic
integer. Now taking traces gives ny; = tr(p(c;)) = >_,cc, X(9:), and this implies the result.
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Lemma 10.4 Suppose that a = % > h_, wk, where each wy, is a oot of unity. If o is also an algebraic
integer, then a« =0 or w; =wy =+++ = w, (so « is a root of unity).

Proof 3 a root of unity w such that each wy is a power of w. Let f be the minimum (monic)
polynomial of a over Z. Then f is the minimum polynomial of « over Q. The roots are precisely
the images a = oy, ag, -+ ,a, of a under the action of Gal(Q(w)/Q). Thus each «; is of the form
1 (sum of roots of unity). So |a;| < 1, and unless all w;s are equal, |a| < 1, and [], |os| < 1. But
+ 1, a; is the constant coefficient in f. So [[, o € Z, whence [], a; =0, and so o = 0.

More Notation y() —1,x® ... (@ are the irreducible characters of G. p1 = 1,pa,--- , pq are
the corresponding representations of degrees n; = 1,2, - ,d. Proposition 10.3(1) implies that

1G5l

i X" (g5)

are algebraic integers Vi, j.

Proposition 10.5 If n; and |C}| are coprime, then either x® (g95) = 0 or p;(g;) is multiplication by
a root w of unity (so x(V(g;) = nw).

Proof Since n; and |C,| are coprime, Ja,b € Z so that an; + b|C;| = 1. Let wy,ws, -+ ,wy be the
eigenvalues of p;(g;). Then

— Zwk fx“ (9;) = axV(g;) + b (Wﬂ)) X9 (g;)-

So %X(i) (g;) is an algebraic integer. Lemma 10.4 implies that either x® (9j)=0o0rw; =wy =
wp. So since 3 a basis of eigenvectors, p;(g;) is multiplication by w;.

Proposition 10.6 If |C}] is a power of a prime p for some j > 1, then G is not nonabelian simple.

Proof Suppose that G is nonabelian simple. If ¢ > 1 and (p,n;) = 1, then by Proposition 10.5,
either

L x%(gj) =0
2. pi(g;) is multiplication by a scalar.

(2) implies p,-(g;) is in the center of p;(G). Since G is nonabelian simple, ker p; = {1} (since ¢ > 1),
and the center of p;(G) is trivial. So p;(g;) = 1, and so g; = 1, which is a contradiction. Hence for
i> 1, either x® (g;) =0 or p| n;. Now orthogonality of column 1 and column j gives

d
0=> x"(WxD(g;) =14+>_ nix"(g)).
] 1=2
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Thus

d
ZTL (J)

i—2 P

Each summand on the RHS is either 0 (if p{ n) or an algebraic integer (if p | n), which is a contra-
diction. (See Proposition 10.2(2).)

Recall
1. If |Q| = p™, where p is prime and m > 1, then the center of @ is nontrivial.
2. (Sylow) If |G| = p™r with (p,r) = 1, then G has a subgroup of order p™.

Theorem 10.7 (Burnside’s p®¢® Theorem) If |G| = p®¢®, where p and ¢ are prime and o, 8 € N,
then G cannot be nonabelian simple.

Proof G has a subgroup Q of order ¢®. Let z # 1, z € center of Q. The number of conjugates of z
in Gis |G: Cg(z)], and Q < Cg(z). So

_ 16l
)l

Now the result follows from Proposition 10.6.

(03

=16 Cal2)l =5

=G : Ca(2)[|Cy(2) : QI.
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